Mathematica 11.3 Integration Test Results

Test results for the 241 problemsin "4.5.2.1 (a+b sec)"m (c+d
sec) n.m"

Problem 5: Result more than twice size of optimal antiderivative.

J(a+a5ec[e+-Fx])2 (c-csecle+fx]) dx

Optimal (type 3, 55leaves, 4 steps):

5 acArcTanh[Sin[e+fx]] ¢ (2a?+a*Sec[e+fx]) Tan[e+fx]
a’cx+ _

2f 2f

Result (type 3, 141leaves):

1, 2 1 2 1 4
-~ —a?c(-1+Cosle+f 1+C Fx])2csc[= (e+Fx)] sec[= (e+f
16-Fa c os[e+fx]) (1+Cosfe+fx]) sc[z(e+ x) | ec[z(e x) |

Sec[e+fx] [Cos[e+fXx]

2e+2fx—Log[Cos[§ (e+fx)] —Sin[% (e+fx)]]+

Log[Cos[1 (e+fx)] +Sin[l (e+fx)]]|-(1+2Cos[e+fx]) Tan[e +fx]
2 2

Problem 6: Result more than twice size of optimal antiderivative.

(a+asecle+fx])?
J dx

c-cSecle+fx]

Optimal (type 3, 56 leaves, 8 steps):

a?x a?ArcTanh[Sin[e+fx]] 43a%Tan[e + f x]

C cf cf (1-Sec[e+fx])
Result (type 3, 169 leaves):

e

ZC -

[a sc[z]

Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]) +Cos[e+f2—x]

f x
_C -
os| 2}

fx+Log[Cos[§ (e+fx)] —Sin[% (e+fx)]]-

-Fx+Log[Cos[§ (e+fx)] —Sin[i (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ (e+fx)]]|+

/(cf (-1+Cosfe+fx]))

ssm[%]] Sin[% (e+£x)]
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Problem 16: Result more than twice size of optimal antiderivative.

(a+aSec[e+-Fx])3
J dx

c-cSecle+fx]

Optimal (type 3, 78leaves, 15steps):
a®x 4a*ArcTanh[Sin[e+fx]] 8a3Cot[e+fx] 8a®Cscle+fx] a3Tan[e+fx]
+ +

C cf cf cf cf

Result (type 3, 240leaves):

e el )

(1+Sec[e+Fx])3Tan[§ e+ £x)] (8Csc[§}5ec[§ (e+fx>]$in[f7x] . (,fx,
4Log[Cos[§<e+-Fx)]—Sin[%(e+Fx)H+4Log[Cos[§(e+fx)]+$in[§(e+1‘x)“+
sin(#x] / [ [cos[ ] -sin[ *]| [cos[ ] +stn[ *] | [cos[ > (e #x)] -sin[ (e #x)]

Cos[%(e+fx”+sin[§(e+fx)] )JTan[%(ewa)]

Problem 17: Result more than twice size of optimal antiderivative.

(a+asecle+fx])?
J dx

(c-csecle+fx])?

Optimal (type 3, 88leaves, 13 steps):

a3

x a3ArcTanh[Sin[e + fx]] 8 a3 Tan[e + f x] 4a*Tan[e+fx]
+

2 c2f 73c2-F(1fsec[e+Fx])2+3C2f(1—sec[e+f><])

Result (type 3, 177 leaves):

[a3 (1+Cos[e+fx])35ec[% (e+-Fx)]2Tan[% (e+Fx)]
(4Csc[§] Sec[i (e+fx)] Sin[%] —4Cot[§} Sec[i (e+-FxH2Tan[§ (e+fx)]+
3 'Ffoog[Cos[% (e+fx)] —Sin[% (e+fx)]] +Log[Cos[§ (e+fx)] +Sin[§ (e+Fx)]]

Tan[

<e+fx)]3J /(6c2-F (*1+C05[e+-FX}>2>

N |

Problem 21: Result more than twice size of optimal antiderivative.

(c-csecle+fx])®
J dx

(a+asecle+fx])?
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Optimal (type 3, 136 leaves, 26 steps):

c®x 47 c®ArcTanh[Sin[e+fx]] 13c°Tan[e+fXx]
- +

+

a2 2a%f 2a%f
112 c® Tan[e + f x] 32c®Tan[e + f x] (c®-c>Sec[e+fx]) Tan[e+fx]
- +
3a2f (1+Secle+fx]) 3f(a+aSecle+fx])? 222 f

Result (type 3, 384 leaves):
1

Cos[e+fx]3Cot|[~ (e+fx)]Csc| (e+1:x)]6

N | =
N |

96 a2 (1+Sec[e+1°x})2

320Cot[L (e+fx)|*Csc[L (e+Ffx)]Sec[e]sin[fx
(C—cSec[e+-Fx])5 - [2< )] {2( H [2] {2}_
.F

64Csc[L (e+fx)]’sec[2] sin[£]

2 ; 2 2 .

94 Log[Cos[L (e+fx)] -Sin[L (e+fx

3Cot[1(e+-Fx)]3 _4x- [ [2< l] [2< >H+

2

94Log[Cos[i(e+fx)]+sin[§<e+fx)H 1

+ —

f (Cos[i (e+Fx)] —Sin[% <e+fx)])2

S (ZSSin[-Fx])/

.F

1

f (Cos[i (e+Fx)] +Sin[§ (e+fx>])

('F (Cos[s] —Sin[g]] (Cos[g] +Sin[g}) (Cos[1 (e+fx)]-sin|

2 2 2 2 2 2
) [

64Cot[§ (e+fx)]Csc
Problem 22: Result more than twice size of optimal antiderivative.

Cos[~ (e+fx)|+Sin[= (e+fx)]

N |
N |

.F

(c-cSecle+fx])*
J dx

(a+aSec[e+1‘:x])2

Optimal (type 3, 102 leaves, 21 steps):
c¢*x 6c*ArcTanh[Sin[e+fx]] 16c*Cot[e +fx]

a? a2 f azf

32c*Cot[e+fx]3 32c*Csc[e+fx]® c*Tan[e+fx]
+ +

3a2f 3a2f af

Result (type 3, 753 leaves):
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XCOS[e+'FX]2COt[§+'FZ—X]ACSC[§+%}4 (c-csecle+fx])*

.
4 (a+asecle+fx])?

e fx,a e fx,a
3Cosfe+fx]2Cot|[—+—] Csc[—+—|
2 2 2 2
e fx e fx
Log[Cos|[—+ —] -Sin[—+ — -cS f4]/2f S fx1)?%) -
og| os[2+ 2] 1n[2+ A J] (c-csecle+fx]) ( (a+asec[e+fx]) )
3Cos[e+fx]2Cot[E+f—X]ACsc[E+F—X]4Log[Cos[E+f—x]+Sin[g+f—XH
2 2 2 2 2 2 2 2
(c—cSec[e+fx])4)/(2f(a+a$ec[e+fx])2)+
4Cos[e+fx]2Cot[E+f—x]3Csc[g+f—X]SSec[g} (cchec[eJrFx])“Sin[f—X] /
2 2 2 2 2 2

(3F(a+a$ec[e+fx])2)+
e fx e fx,7 e f x
2¢ fx]2Cot[—+—]Csc[—+—] sec[=] (c-csS fx])*si —)
( os[e+fx]%Co [2+ 2] sc[2+ 2] ec[z}(c cSec[e+fx]) 1n[2} /
(3f(a+a5ec[e+fx])2)+

e fx,a e fx,a f x
C Fx)2cot| =+ —]"csc[~+ ] (c-cs £x])*si —)
(os[e+ x]2 Co [2+ 2] sc[2+ 2] (c-csecle+fx]) 1n[2} /

[41‘: (a+asecle+fx])? (Cos[—] —Sin[—]) (Cos[—+—] —Sln[§+—])] +
(Cos[e+-Fx]2Cot[§+%]ACSC[§+-FTX]4 <C—CSec[e+fX}>4sin[f7x})/

[41‘: (a+aSec[e+1‘x])2 (Cos[g] +Sin[§]] (Cos[§+f7x] +Sin[§+%])] +

e fx,2 e fx;,6 e
2Cos[e+fx]2Cot|—+—| Csc|—+— c-cSec[e+fx])*Tan[— )
[2cos (e Fx2 ot + ~X] s S X (e csecte £x))*Tan| 7] | /

(3f (a+aSec[e+fx])2>

Problem 23: Result more than twice size of optimal antiderivative.

(c—cSec[e+-Fx])3
J dx

(a+aSec[e+1‘:x])2

Optimal (type 3, 85leaves, 13 steps):

c3x c3ArcTanh[Sin[e+ fx]] 8c3Tan[e + fx] 4c3Tan[e + fx]
_— - +

a? a’ f 3a2f (1+Secle+fx])? 3a2f (1+Sec[e+fx])

Result (type 3, 216 leaves):
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1

76a2f(1+Cos[e+Fx})2

c? (—1+Cos[e+fx])3Cot[§ (e+Fx)] Csc[% (e+fx)]2 3Cot[§ <e+fx)]3
-Fx+Log[Cos[§ (e+fx)] —Sin[% (e+fx)]] —Log[Cos[% (e+fx)] +Sin[§ <e+-Fx)H) -
4Cot[§ (e+-FxH2Csc[; (e+fx)] Sec[g] Sin[%} +
4Csc[§ (e+-FxH3Sec[§] Sin[%} +4Cot[% (e+fx)] Csc{% (e+Fx)]2Tan[§})

Problem 28: Result more than twice size of optimal antiderivative.
1

J dx
(a+aSec[e+fx])? (c-cSec[e+fx])?
Optimal (type 3, 98 leaves, 5steps):

X Cot[e+fx]® (1+Sec[e+fx])
N _
2

c3 5a2c3f

Cot[e+fx]? (5+4Sec[e+fx]) Cotle+fx] (15+8Sec[e+fx])

+
15a2c3f 15a2c3 f

a

Result (type 3, 257 leaves
;Csc[g] Csc| (e+fx”55ec[s] Sec[1 (e+fx)]3
30720a%c3 f 2 2 2
(360-FxCos[fx} -360fxCos[2e+fx] -120fxCos[e+2fx] +120fxCos[3e+2fXx] -
120 f xCos[2e+3fx] +120fxCos[4e+3fx] +60fxCos[3e+4fXx] -
60 fx Cos[5e+4fx] +200Sin[e] - 584Sin[fx] -534Sin[e+fx] +178Sin[2 (e+fx) | +
178Sin[3 (e+fx)| -89Sin[4 (e+fx)| -520Sin[2e+fx] +248Sin[e+2fx] +
120Sin[3e+2fx] +248Sin[2e+3fx] +120Sin[4e + 3 fXx] —184Sin[3e+4fx])

~

N |

Problem 31: Result more than twice size of optimal antiderivative.

(c-csecle+fx])®
J dx

(a+asSec[e+fx])?

Optimal (type 3, 162 leaves, 29 steps):

c®x 8c”ArcTanh[Sin[e+fx]] 32c®Cot[e+fx] 128c®>Cot[e+fx]3> 128c’Cot[e+fx]°
+ + + +

a3 acf a’f 3a3f 5a3f
16 c>Csc[e+fx] 64c>Cscle+fx]3 128cCsc[e+fx]® c°Tan[e+fx]
+ _

af 3a3f 5a3f af

Result (type 3, 908 leaves):
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xCos[e+fx]2Cot[§+%’(}GCsc[g+‘CZ—"]4 (c-csecle+fx])®
- +
4 (a+asSecle+fx])>

e fx;,6 e fx,a
2Cos[e+fx]2Cot|[—+—] Csc[—+—]|
2 2 2 2
e fx e fx
Log[Cos|[—+ —] -Sin[—+ — -cS fs]/f S fx])?) -
og| os[2+ 2] 1n[2+ A J] (c-csecle+fx]) ( (a+asec[e+fx]) )
2Cos[e+fx]2Cot[E+f—x]6Csc[S+F—X]4Log[Cos[E+f—x]+Sin[g+f—XH
2 2 2 2 2 2 2 2
(c—cSec[e+fx])5)/(f (a+aSec[e+Fx1>3)+
(56Cos[e+fx}2Cot[g+f—X}SCsc[SJrf—X]SSec[E] (cchec[emcx})SSin[{—X} /
2 2 2 2 2 2

(15f(a+a$ec[e+1=x})3)—

e fx,3 e fx,7 e f x
2¢ fx]2Cot[—+—] Csc[—+—] sec[—] (c-cS fx])°si —]
( os[e+fx]%Co [2+ 2] sc[2+ 2] ec[z}(c cSec[e+fx]) 1n[2] /

(15-F(a+a$ec[e+fx}>3) +

e fx e fx,o9 e f x
2¢ fx]2Cot[—+—]Csc[—+—] sec[—] (c-csS fx])®sin[— )
( os[e+fx]%Co [2+ 2] sc[2+ 2] ec[z}(c cSec[e+fx]) 1n[2} /
(Sf(a+aSec[e+fx])3)+
e fx,e e fx,a f x
@ fxj2Cot[ =+ —] Csc[—+— -cS fx])°si —)
(os[e+ x]2 Co {2+ 2] sc{2+ 2] (c-csecle+fx]) 1n{2} /

fx e fx
4f S fx])?|cC 5-5'3](c 5—-5‘——)]
( (a+asecle+fx]) (os[z] 1n[2] os[2+ 2] 1n[2+ 2] +
fXx.6 e fx,a f x
Cos[e + f x]? Cot e, X Csc|—+ — c-cSec[e+fx])®sin 7)
e e I B N v fx])*sin[X]] /
]

(41: (a+aSec:[e+1‘:x])3 (Cos{E +Sin[g]]
2

. Cos[g+f—x]+sin[g+1:—x])]—

2 2 2 2

fx,a e fx;e e
2¢ Fx12cot[ S ) esc[ S X -cS fx])°T f)
( os[e+fx]%Co [2+ 2] sc[2+ 2] (c-csecle+fx]) an[z} /

(15f(a+a5ec[e+fx])3) +

2C05[e+fx]2C0t[E+B]ZCSC[E+F—X]8 (c—cSec[eﬂcx])STan[E})/
2 2 2 2 2

(Sf (a+aSec[e+fx])3>

Problem 37: Result more than twice size of optimal antiderivative.

1

dx
J(a+aSec[e+-Fx])3 (c—cSec[eJr-Fx])2

Optimal (type 3, 100 leaves, 5steps):
X Cot[e+fx] (15-8Sec[e+fx])
N

a3 c? 15a3c? f )
Cot[e+fx]3(5-4Sec[e+fx]) Cot[e+fx]>(1-Sec[e+fx])
+

15a3c2f 5a3c?f
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Result (type 3, 257 leaves
;CSC[S]CSC{
3072033 c? f 2
(360-FxCos[Fx} -360fxCos[2e+fx] +120fxCos[e+2fx] -120fxCos[3e+2fx] -
120 f xCos[2e+3fx] +120fxCos[4e+3fx] -60fxCos[3e+4fx] +
60 f x Cos[5e+4fx] -200Sin[e] -584Sin[fx] +534Sin[e+fx] +178Sin[2 (e+fx) | -
178Sin[3 (e+fx)| -89Sin[4 (e+fx)| -520Sin[2e+fx] -248Sin[e+2fx] -
120Sin[3e+2fx] +248Sin[2e+3fx] +120Sin[4e + 3 fx] +184Sin[3e+4fx])

~

N |

(e+FXH3Sec[§] Sec[i (e+fx)]5

Problem 39: Result more than twice size of optimal antiderivative.
1

dx
J(a+a5ec[e+1‘:x])3 (c-cSecle+fx])*

Optimal (type 3, 129leaves, 6 steps):
X Cot[e+fx]” (1+Sec[e+fx])] Cot[e+fx]®(7+6Sec[e+fx])
- +

+
a3 ct 7adctf 35a3c*f

Cot[e+fx] (35+16Sec[e+fx]) Cot[e+fx]®(35+24Secle+fx])

35a3c*f 10533 c* f
Result (type 3, 362leaves):
1 e 1 7 e 1 5
———(Csc|—| Csc|— (e+F Sec|—| Sec|— (e+f
6881280 a3 c*f [2] [2< i X)] [2} [2( " X”

(16800fxCos[fx] -16800f xCos[2e+fx] -4200f xCos[e+2fx] +
4200 f xCos[3e+2fx] -8400fxCos[2e+3fx] +8400fxCos[d4e+3Ffx] +
3360 f xCos[3e+4fx] -3360fxCos[5e+4fx] +1680fxCos[4e+5Fx] -
1680 f xCos[6e+5fx] -840 fxCos[5e+6Ffx] +840fxCos[7e+6Ffx] +3136Sin[e] -
30112 Sin[fx] - 22860 Sin[e + fx] +5715Sin[2 (e +fx)] +11438Sin[3 (e+fx) | -
4572Sin[4 (e+fx)| -2286Sin[5 (e+fx)| +1143Sin[6 (e+fx)| - 26208 Sin[2e+fx] +
14080Sin[e+2fx] +16400Sin[2e +3fx] +11760Sin[4e+3fx] -7904Sin[3e+4fXx] -
3360 Sin[5e+4fx] -3952Sin[4e+5fx] -1680Sin[6e+5Fx] +2816Sin[5e+6fx])

Problem 40: Result more than twice size of optimal antiderivative.
1

J dx
(a+asSec[e+fx])’ (c-cSec[e+fx])®
Optimal (type 3, 210leaves, 14 steps):

X Cot[e+fx] Cot[e+fx]3
+ _
3

Cot[e+fx]> Cot[e+fx]’ 2Cot[e+fx]?

+ + +
c® atcf 3a3ccf 5a3cf 7atcf 9atcf
2Cscle+fx] 8Cscle+fx]3 12Csc[e+fx]> 8Csc[e+fx]’ 2Cscl[e+fx]?
- + - +
alccf 3a3ccf 5atc’f 7a3ccf 9a3ccf

a

Result (type 3, 441 leaves):
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1

25804802 c®f (-1+Sec[e+fx])° (1+Secle+fx])>
e e

Csc[—] sec|—| sec[e+fx]’ (453600 f x Cos [f x] - 453600 f x Cos[2 e + f x] -
2 2

201600 f xCos[e+2fx] +201600fxCos[3e+2fx] -191520FfxCos[2e+3Ffx] +
191520 f xCos[4e+3fx] +161280fxCos[3e+4fx]-161280fxCos[5e+4fx] +
10080 f xCos[4e+5fx] -10080f xCos[6e+5Ffx] -40320fxCos[5e+6fx] +
40320 f xCos[7e+6fx] +10080fxCos[6e+7fx] -10080f xCos[8e+7fx] +

259584 Sin[e] - 897024 Sin[f x] - 1152405 Sin[e + fx] +512180Sin |2 (e +fx)] +
486571Sin[3 (e+fx)| -409744Sin[4 (e+fx)| -25609Sin[5 (e+fx)] +

102436 Sin[6 (e + fx) | -25609Sin[7 (e+fx) | -825216Sin[2e+fx] + 622976 Sin[e+2fx] +
142464 Sin[3e+2f x] +297088Sin[2e +3fx] +430080Sin[4e +3fx] -
424192Sin[3e+4fx] -188160Sin[5e+4fx] +2048Sin[4e+5Ffx] -40320Sin[6e+5Ffx] +
112768 Sin[5e+6f x] +40320Sin[7 e + 6 f x] —3827ZSin[6e+7-Fx]) Tan[e + f x]

Problem 47: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J\/a+aSec[e+fx]

(c-cSecle+fx])?

Optimal (type 3, 104 leaves, 5steps):
Zx/?Ar‘cTan[M]

a+aSec[e+f x]

c2f

2Cot[e+fx]VarasSecle+fx] 2Cot[e+fx]® (a+aSece+fx])>?

c2f 3ac?f

Result (type 4, 471 leaves):



Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”™n.nb | 9

1 e fx,a
Sec| = (e+fx)|s +fx]? 1+5S +f Sin|—+ —
ec[2 (e x)] ec[e + fx] \/a( ecfe+fx]) 1n[2 2]
20 1 2 1 3 32 1
Zesc[= (e fx)] - Scsc[= (e+fx) ] - Zsin[= (e« f /f “csecle+fx])?) -
[3 sc[2 (e x” ; sc[2 (e x)] Z 1n[2 (e x)] ) ( (c-csec[e x}))
! 32(—3—2\/2)C05[l(e+fx”4
'F(C—CSEC[G+'FX])2 4

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1++42 - (—2+\/7) Cos[% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[i(e+1‘x”

Tan[ (e+fx) ]
EllipticF [ArcSin[ — |, 17-12+/2] +

\N3-2+2

(1—\/7+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]

3-24/2

Sec| (eJr-Fx)]2 Sec[~ (e+fx) ]

IS
N R

J(1ﬁ+ 227 cos[ e tx)]

Sec[e+fx]3\/a (1+sece+fx]) Sin[ngF—Xrl\/B2\/?Tan[1 (e+fx)]2
2 2 4

Problem 48: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J\/a+a5ec[e+fx]

(c-cSecle+fx])?

Optimal (type 3, 139 leaves, 6 steps):
2 \/;Ar‘cTan[J@&”L
avaSec[e+f x] 2Cot[e+fx] Va+aSec[e+fx]
+
cf cf

2Cot[e+fx]3 (a+aSec[e+-Fx])3/2 2Cot[e+fx]° (aJraSec[eJr-Fx])'r’/2
+
3ac3f 5a2c3f

Result (type 4, 487 leaves):
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Sec[1 (e+fx>] Sec[e+-Fx}3\/a (1+Sece+fx]) Sin[—+ —]
2

56 1 3 2 1 5 368 . 1 ot fx
ECSC[£<G+'FX>] —ngc[g<e+-Fx)] +15 Sln[2< fx) | )/
3 1 A/ l e+TX ¢
(-F(c—cSec[e+'FX]) )+ 64(’3’2 2)C°5[4( fx) ]

f (c—cSec[eM‘:x])3

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1++42 - (—2+\/7) Cos[% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[i(e+1‘x”
( 1 o . Tan[i(eﬂcx)]
1-v2 + (-247/2 | Cos[ = (e+x)]| |ELlipticF[ArcSin| ], 17-12~/2 ] +
2 \N3-2+2

o _ Tan{i(eﬂcx)} ]

2 E1lipticPi[-3+2+/2, -ArcSin| |,17-12+/2]
3-2/2

\/(1\/7+(2+\/7>Cos[i(e+fx)] Sec[i(eﬂcx)]z Sec[i(e+fx)]

Sec[e+fx]4\/a (1+sece+fx]) Sin[ngF—Xr\/B2\/?Tan[1 (e+fx)]2
2 2 4

Problem 49: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

dx

J\/a+a5ec[e+fx]

(c-cSecle+fx])*

Optimal (type 3, 174 leaves, 7 steps):
2+/a ArcTan [ M]

a+aSec[e+f x]

+
ctf

2Cot[e+fx]Va+aSec[e+fx] 2Cot[e+fx]3 (a|+aSec[e+-Fx])3/2

+

c*f 3actf
2Cot[e+fx]° (a+aSec[e+fx])*? 2Cot[e+fx]” (a+aSec(e+fx])”?
5a2ctf 7adchf

Result (type 4, 503 leaves):
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Sec[l(e+fx>]5ec[e+fx}4\/a (1+Sec[e+~Fx])
2
Sin[g+f7x]s 4768 Csc[l<e+-Fx)]—1504Csc[1(e+fx)]3+
2 2 105 2 105 2
108 1 5 2 1 7 5632 1
—C — £ - —-C - f _ Si - £ /
- sc[z(e+ x) | ; sc[z(e+ x) | . 1n[2(e+ x) ]
('F(C*CSEC[E+‘FX])4)7 1 128(—3—2\5) COS[E(eHﬂX)]“
4

f(c-csecle+fx])*

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1+4/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+C05[i(e+1‘x”

Tan[; (e+fXx) ]
EllipticF [ArcSin[ —— |, 17-12/2] +

\N3-2+2

(1—\/?+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ] ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
3-24/2
\/(1\/7+ (2+\E) Cos[% (e+fx)] Sec[i (e+fx>]2 Sec[% (e+fx)]

Sec[e+fx]5\/a (1+secie+fx]) Sin[g+1:—)(}8\/3—2\/7—Tan[1 (e+fx)]2
2 2 4

Problem 54: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+asecle+fx])>?
J dx

<c—cSec[e+-Fx]>2

Optimal (type 3, 102 leaves, 5steps):

5 33/2 Achan[M]
4/ a+aSec[e+f x]

2 f

+

2acCot[e+fx]/arasecle+fx] 4Cot[e+fx]? (a+asSecfe+fx])*?

c2f 3c2f

Result (type 4, 473 leaves):
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Sec[1 (e+fx>]35ec[e+1‘x] (a (1+Sec[e+fx]>)3/zsin[g+3]4
2 2 2
14 1 2 1 3 20 1
— Csc[— fx)|-=csc[= f - —sin[ = f /f -cS fx])?) -
[3 sc[2 (e+ x” ; sc[2 (e+ x) | ; 1n[2 (e+ x)] ) ( (c-csecle+fx]) )

1

(e+'FXH4
f (C—CSEC[G+'FX]>2

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1++42 - (—2+\/7) Cos[% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[i(e+1‘x”

Tan[ (e+fx) ]
EllipticF [ArcSin[ — |, 17-12+/2] +

\N3-2+2

(1—\/7+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]

3-24/2

Sec| (eJr-Fx)]2 Sec| (e+fx)]3

IS
N R

J(1ﬁ+ 227 cos[ e tx)]

Secle+fx]? (a (1+Sec[e+fx]))3/zsin[g+ {—Xr\/BZ\/?Tan[l (e+fx)]2
2 2 4
Problem 55: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

3/2

(a+asecle+fx])
J dx

<c—cSec[e+-Fx]>3

Optimal (type 3, 137 leaves, 6 steps):
5 33/2 A,ﬂcTan[M
a+asec [e<f x] 2aCotf[e+fx]Va+aSec[e+fx]
+
A f A f

2Cot[e+fx]3 (a+aSec[e+fx])>? 4cCot[e+fx]® (a+aSecle+fx])”?
+

3c3f 5ac3f

Result (type 4, 491 leaves):
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1 3 e fx;,6 172 1
Sec| = f S fx]2 1+5S f ¥2gin[ =+ — (7—c = f
ec[z(e+ x)] ecfe+fx]? (a(l+Sec[e+fx])) 1n[2+ 2] 1 sc[2<e+ x)]+
46 1 3 2 1 5 208 1
Zoesc[= (e fx)] - Zcsc[= (e f Sin[= (e+f /
1 sc[2 (e+ x)] - sc[2 (e+ x)] + 1 1n[2 (e+ x)] )
(-F(c—cSec[e+-Fx])3)+ ! 32(7372\/2)Cos[£(e+fx)}4
4

f (c—cSec[eM‘:x])3

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1++42 - (—2+\/7) Cos[% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[i(e+1‘x”
( 1 o . Tan[i(eﬂcx)]
1-v2 + (-247/2 | Cos[ = (e+x)]| |ELlipticF[ArcSin| ], 17-12~/2 ] +
2 \N3-2+2
o _ Tan{i(em‘x” ]
2 E1lipticPi[-3+2+/2, -ArcSin| |,17-12+/2]
3-2/2
\/(1\/7+<2+\/7>Cos[i(e+fx)] Sec[i(eﬂcx)]z Sec[i(e+fx)]3

Secle+fx]? (a (1+Sec[e+fx]))3/zsin[g+ {—X}G\/BZ\/?Tan[l (e+fx)]2
2 2 4
Problem 56: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

3/2

(a+asecle+fx])
J dx

<c—cSec[e+-Fx]>4

Optimal (type 3, 172leaves, 7 steps):
2 33/2 ApcTan [ m]

a+aSec[e+fx]

.
4 f

2aCot[e+fx]va+aSec[e+fx] 2Cot[e+fx)3 (aJraSec[eJr1‘x])3/2

c*f 3c4f
2Cot[e+fx]° (a+aSec[e+-Fx])5/2 4Cot[e+fx]7 (a+aSece+fx])

+

7/2

S5actf 7a2ctf

Result (type 4, 507 leaves):
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Sec[l(e+fx>]3Sec[e+Fx]3(a (1+Sec[e+-Fx]))3/2
2
Sin[g+3]8 2864Csc[1(e+-Fx)]—1112Csc[1(e+fx)]3+
2 2 105 2 105 2
94 1 5 2 1 7 3056 1
Zesc[= (e fx)]° - Scsc|[= (e+fx)] - sin[= (e+f /
i sc[z(e+ x) | : sc[2<e+ x) | o 1n[2(e+ x) |
(-F(c—cSec[eJr-Fx])“)f = 64(7372\/7) Cos[l(eJr-FxH4
4

f(c-csecle+fx])*

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1+4/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+C05[i(e+1‘x”

Tan[; (e+fXx) ]
EllipticF [ArcSin[ —— |, 17-12/2] +

\N3-2+2

(1—\/7+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ] ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
3-24/2
\/(1\/7+ (2+\E) Cos[% (e+fx)] Sec[i (e+fx)]2 Sec[i (e+fx)]3

Secle+fx]* (a (1+Sec[e+1=x]))3/25in[5+F—X}S\/B—Z\/7—Tan[1 (e+fx)]2
2 2 4

Problem 61: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+asecle+fx])>?
J dx

<c—cSec[e+-Fx]>2
Optimal (type 3, 74 leaves, 5steps):

5 35/2 Achan[M] i
Ja+asecle+fx) 8aCot[e+fx]?(a+aSec[e+fx])

2 f 3c2f

Result (type 4, 465 leaves):
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Sec[1 (e+fx>]5 (a (1+Sec[e+fx]))5/25in[s+3]4

2 2 2

[ECSC[i <e+-Fx)] —§Csc[§ (e+fx>]3—§Sin[§ (e+-Fx>] )/ (F (cchec[ewFX])Z) _

1 7—5\/7+(10—7\/7)Cos[%(e+fx)}

1+Cos[§ (e+fx)]

~8(-3-2v2 | Cos[~ (e+fx)]"

AR

f(c-cSecle+fx])

—1+\/7— (—2+\/7) Cos[% (e+'FXH

[1—\/7+ (—2+ﬁ) Cos[l (e+fx)]

1+Cos[§(e+fx>] 2
Tan[ > (e+fXx) |
EllipticF [ArcSin[ — |, 17-12+/2] +
3-2+/2

Tan[1 (e+fx) ]

2EllipticPi[-3+2+/2, ~ArcSin|

},17-12ﬁ}]

3-2+/2
\/(—1—\/7+(2+\/7)Cos[;(e+fx)] Sec[i(eﬂcx)]z Sec[%(eﬁ:x)]s
ecle+fx] (a(l+Sec[e+Ffx 5/Zing+1c—x4 - 7anle+x2
secle+fx] (a (1+secie~fx]))**sin[ 2]J3 272 -Tan[ " (e +fx]]

Problem 62: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+asSecle+fx])>?
J dx

(c-csecle+fx])?

Optimal (type 3, 104 leaves, 5steps):
2 25/2 ApcTan [ _+/a Tan[e+fx]

a+aSec[e+fx]

c3f

+

2aCot[e+fx]VarasSecle+fx] 8Cotle+fx]®(a+aSecle+fx])?
N

cf 5c3f

Result (type 4, 489 leaves):
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Sec[1 (e+fx>]55ec[e+1‘x] (a (1+Sec[e+fx]>)5/zsin[g+3]6
2 2 2
34 1 12 1 3 2 1 5 36 1
-—C — +f +—C — +f -—C — +f + —Sin| — +f
- csel (e fx)] s S ese[ (e fx) |- Sase| - (exfx] 7 sin[ (e tx]]|] /
(-F(c—cSec[e+-Fx])3)+ 1 16(7372\/7)Cos[l(e+fx”4
4

f (c—cSec[eM‘:x])3

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1++42 - (—2+\/7) Cos[% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[i(e+1‘x”

Tan[ (e+fx) ]
EllipticF [ArcSin[ — |, 17-12+/2] +

\N3-2+2

(1—\/7+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]

3-24/2

Sec| (eJr-Fx)]2 Sec| (e+fx)]5

IS
N R

J(1ﬁ+ 227 cos[ e tx)]

Secle+fx]? (a (1+Sec[e+fx]))5/zsin[g+ {—X}G\/BZ\/?Tan[l (e+fx)]2
2 2 4
Problem 63: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

5/2

(a+asecle+fx])
J dx

<c—cSec[e+-Fx]>4

Optimal (type 3, 140leaves, 5steps):

2a%/2 Ar‘cTan[JL‘—]—a Tan[e+fx
a+asec [e<f x] 2a2Cotf[e+fx] Va+aSec[e+fx]
+

4 f 4 f

2acCot[e+fx])? (a+aSec[e+fx])*>? 8Cot[e+fx]” (a+aSec[e+fx])"?

3c4f 7ac*f

Result (type 4, 507 leaves):
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Sec[1 (e+fx>]SSec[e+Fx]2 (a (1+Sec[e+-Fx}))5/2
2

e fx.,s8 /(332 1 158 1 3
sin[—+ — 1" [Z2csc[= (e+fx)] - == csc|[= (e+Fx) ]+
16 2 1 7 320 1
esc[= (esfx)] - Zesc[= (e fx)] -2 sin[ = (e« f
. SC[2<e x) | 75C[2<e x) | ” 1”[2<e X)])/
(-F(c—cSec[eJr-Fx])“)f = 32(7372\/2)Cos[1(e+fx”4
4

f(c-csecle+fx])*

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1+4/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+C05[i(e+1‘x”

Tan[; (e+fXx) ]
EllipticF [ArcSin[ —— |, 17-12/2] +

\N3-2+2

(1—\/?+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ] ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
3-24/2
\/(1\/7+ (2+\E) Cos[% (e+fx)] Sec[i (e+fx>]2 Sec[% (e+Fx)]5

Secle+fx]? (a (1+Sec[e+1=x]))S/ZSin[EJrF—X}S\/B—Z\/7—Tan[1 (e+fx)]2
2 2 4

Problem 64: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+asecle+fx])>?
J dx

<c—cSec[e+-Fx]>5

Optimal (type 3, 172 leaves, 5steps):
2 35/2 ApcTan [ MLFX]_]

4/ a+aSec[e+f x]
N
c> f
2a2Cot[e+fx]Va+aSec[e+fX] 2aCot[e+fx]3 (a+aSec[e+1’x])3/2
- +
cf 3¢5 f

5/2 9/2

2Cot[e+fx]® (a+aSec[e+fx]) 8Cot[e+fx]° (a+asSec[e+fx])
+

5c¢5f 9a2c5f

Result (type 4, 523 leaves):
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(e+fx>]55ec[e+1‘x]3 (a (1+Sec[e+-Fx}))S/ZSin[SJr-F—X]l0

Sec [
2 2

N |

968
45

3 418 1 5
<e+-Fx)] ——Csc[g (e+-Fx)] +

45 /

1424 1
(e+-Fx) }4

1616
(— Csc[

1 1
Csc[= (e+f -
a sc[2<e+ x)]+ A
ngc[1 (e+1cx)]773Csc[1 <e+fx)]9+
9 2

Sin| = (e+Ffx ]
9 2 45 2
1

(f(c—cSec[e+fX])5)+ 64(*3*2\/?)@5[

f(c-csecle+fx])®

7-5+2 + (10—7ﬁ) Cos[% (e+Fx)] “1++/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+Cos[§(e+1‘x”

Tan[; (e+fXx) ]
EllipticF [ArcSin[ —— |, 17-12/2] +

\N3-2+2

(1—\/?+(—2+\/?) Cos[1<e+fx)]

2

Tan[1 (e+fx) ] ]
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
3-24/2
\/(1\/7+ (2+\E) Cos[% (e+fx)] Sec[i (e+fx)]2 Sec[% (e+Fx)]5

Secle+fx]* (a (1+Sec[e+1=x]))S/ZSin[SJrjc—x}w\/_’;—Z\/_—Tan[1 (e+1=xH2
2 2 4

Problem 73: Result more than twice size of optimal antiderivative.

<C—CSEC[€+'FX]>3
J( dx

a+aSec[e+-Fx])3/2

Optimal (type 3, 169 leaves, 7 steps):

2¢3 Achan[M} 22 ¢ ArcTan| a Tan[e+fx]

+/a+aSec[e+fX] A2 +/a+aSec[e+fx]
a3/2.': * 33/2{: N
1 2.
4¢3 Tanle+fx] +c3’Secb(e+1“xH Sin[e+fx] Tan[e + fx]?2
af+a+aSec[e+fx] f(a+asSecle+fx])>?

Result (type 3, 564 leaves):
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Cos[e+1"x13Csc[E+-fo}6 (1+secfe+fx])>?
2 2

V2

v-1+Secle+fx]

(c-csecle+fx])? | Cos[e+fx]?

[3 \/TAr‘cTan[

V-1+Secle+fx] (1+Sec[e+fx])>?sinfe+fx]

/[f (1+Cosfe+fx])

\/l—Cos[e+1:x12 \/Cos[e+fx12 (-1+Secle+fx]) (1+Sece+fx]) )—

V2 | +ArcTan|

\/71+Sec[e+fx] \/—1+Sec[e+-Fx]

]

-2++/1+Sec[e+fx]

] -

[(\/? ArcTan|

2++/1+Sec[e+fx]

ArcTan | Cos[e+Ffx]%+V-1+Sec[e+fx]

\/-1+Sec[e+fx]

(1+Sec[e+fx])>?sin[e+fx]

/(f (1+Cosfe+fx]) \/17Cos[e+fx]2

\/Cos[e+fx]2 (-1+Secle+fx]) (1+Sec[e+fx]) )]J/

3 e fx;,6
Cosfe+fx]3Csc|[—+—]

(8 (a (1+Sec[e+fx}))3/2) +
2 2

\/ (1+Cos[e+fx]) Sec[e+fx]

(1+sec[e+fx])>?

(c-csecle+fx])?

35ecb}$ec[§+%‘]sin[%‘] Sec[ ] sec[$+ %‘FSin[%‘]

- +

4f 4f

N

3Tan[§] Sec[§ fx } Tan[g

- 2 }]]/(a<1+5ec[e+fx]))3/2

4f 4f

Problem 79: Result more than twice size of optimal antiderivative.

dx

J (c-csecle+Fx])®

(a+asecle+fx])>?

Optimal (type 3, 260 leaves, 9 steps):
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_/a Tanfesfx] .
2¢5 ArcTan[ L2 Tanlefxl T 53[5 ¢5 AncTan [ —L2 Tanlesfx]
.
a”/2 f a5/2 f

21 c®Tan[e + f x] 19c® Tan[e + fx]3

- +
a2f+/a+aSec[e+fx] 6a-F(a+aSec[e+~Fx])3/2

3c55ec[§ <e+fx)]ZSin[e+fx] Tan[e + fx]* ac55ec[§ (e+-Fx)}4Sin[e+fx]2Tan[e+fx}5

N
4f (a+asecle+fx])*? 4f (a+asecle+fx])’?

Result (type 3, 667 leaves):
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Cos[e+1"x15Csc[E+-fo}l(a (1+Secle+fx])>?
2 2

V2

v -1+Sec[e+fx]

| Cose+fx]?

(c-csSecle+fx])® [—

(22 \/TAr'cTan[

/[f (1+Cosfe+fx])

V-1+Secle+fx] (1+Secle+fx])>?sinfe+fx]

\/1—COS[E+'FX]2 \/Cos[e+'Fx}2 (-1+Secfe+fx]) (1+Secle+fx]) )] -

-2++/1+Sec[e+fx]

V2 | +ArcTan|

v -1+Secle+fx] v -1+Sec[e+fx]

] -

[(\/7 ArcTan|

2+ 1+Sec[e+fx] l

ArcTan | Cos[e+fx]2+-1+Sec[e+fX]

\-1+Sec[e+fx]

3/2

(1+sec[e+fx])¥*sin[e+fx] /(f (1+Cos[e+fx]) \/1—Cos[e+1cx]2

\/COS[eJr'FX]Z (-1+secle+fx]) (1+Sec[e+fx]) )]J/

(32 (a (1+Sec[e+fx]))5/2) + {Cos[e+1‘:x]5Csc[g+1C—X]10
2 2

\/(1+Cos[e+1‘x]) Sec[e + f x]
(1+Sec[e+1°x])5/2
(c-csecle+fx])®

(-1+37Cos[e]) Sin]|

_241‘: (Cos{?] + Cos|

Sec[f] Sec[§+%"]3sin[fx] Sec{ﬂ Sec[§+“]ssin{fx]
32 f 16 f

Sec[e] Sec[e +f x] Sin[f X]
48 f 32 f

]J/ (a(1+secle+fx]))*?

Sec[§+ %"}4Tan[§]

16 f

Problem 80: Result more than twice size of optimal antiderivative.

dx

J (c-csecle+fx])*
(

a+aSecle+fx])>?

Optimal (type 3, 229 leaves, 8 steps):
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\ + +
2 c* ArcTan | —2-T2nle fx | 11c*ArcTan| a_Tan[e+f x|

) a+a Sec[e+f x] N2 +/a+asec[e+fx] 7 c*Tan[e + f x]
+

as/2 £ V2 a2 f 2a2f+/a+aSec[e+fx]

c“Sec[% (e+-Fx)]ZSin[e+-Fx] Tan[e + f x]2 c“Sec[i <e+-Fx)]4Sin[e+fx]2Tan[e+fx]3

4af (a+asSecle+fx])*? 4f (a+asecle+fx])”?
Result (type 3, 627 leaves):

Cos[e+1:x}“Csc[E+-fo}8 (1+Secfe+fx])>?
2 2

V2

v -1+Secle+fx]

(c-csecle+fx])* 92 ArcTan| | Cos[e+fx]?

v -1+Secle+fx] (1+Sec[e+1‘x])3/ZSin[e+-Fx]

/[-F (1+Cosfe+fx])

\/1—Cos[e+1:x12 \/Cos[e+fx12 (-1+Secfe+fx]) (1+Sec[e+fx]) )+

\/7 ] +Ar‘cTan[

\-1+Sec[e+fx] v/ -1+Sec[e+fx]

]

-2++/1+Sec[e+fx]

2 \EArcTan[ ] -

2++/1+Sec[e+fx]

ArcTan | Cos[e+Ffx]%+V-1+Sec[e+fx]

\/71+Sec[e+fx}

(1+sec[e+fx])>?sin[e+fx]

/(f (1+Cos[e+fx]) \/1—Cos[e+1cx]2

\/Cos[e+fx]2 (-1+Secle+fx]) (1+Sec[e+fx]) )}J/

(32 (a (1+Secre+Fx]))*?) + {COS[E+'FX]4CSC[E+ f—x]s
2 2

\/(1+Cos[e+-Fx]) Sec[e + fx]
(1+Secfe+fx])®>?
(c-csecle+fx])*

BSecE} Sec[§+%"] Sin[‘cx] 3Sec|¢] Sec[§+fx}asin[“}
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Problem 86: Result unnecessarily involves imaginary or complex numbers.

J\/a+aSec[e+fx] (c-cSecle+fx])"?dx

Optimal (type 3, 185leaves, 5steps):

ac*Log[Cos[e+fx]] Tan[e + f x] ac3y/c-cSecle+fx] Tan[e+fx]

f/a+aSec[e+fx] vVc-cSecle+fx] f\/a+aSec[e+fx]

ac? (c-cSecle+fx])*?Tan[e+fx] ac (c-cSecle+fx])>*Tan[e+fx]

2f+\a+asSec[e+fx] 3f+a+aSec[e+fx]

Result (type 3, 149leaves):

i{cﬁCsc[1 (e+fx)] (-22-18Cos[2 (e+fx)]| +3ifxCos[3 (e+fx)]+
24 2

9Cos[e+fx] (2+ifx-Log[l+e®* ®F¥]) _3Cos[3 (e+fx)]|Log[1+e?® &FO])

Sec[1 (e+fx)] Sec[e+fx12\/a (1+secfe+fx]) Vc-cSec[e+Ffx]
2

Problem 87: Result unnecessarily involves imaginary or complex numbers.

J\/a+a5ec[e+fx] (c-csSecle+fx])>?dx

Optimal (type 3, 139leaves, 4 steps):

ac3log[Cos[e+fx]] Tan[e + fx]

f/a+aSec[e+fx] vVc-cSecle+fx]

ac?y/c-cSec[e+fx] Tan[e+fx] ac (c-cSecle+fx])>?Tan[e+fx]

f+/a+aSec[e+fXx] 2f+a+asSec[e+fx]

Result (type 3, 162 leaves):

i

c2 g 31 (exfX) (1+(e2j1(e"'FX))3 [J'1+C0't[1 (e+'FX)]
2

(-1-ifx+4Cos[e+fx]+Log[l+e®* ®F¥ ] Cos[2 (e+Ffx)]| (-1fx+Log[l+e?? (e FX]))

/(16 (v et @) £

Sec[e+fx]4\/a (1+Secie+fx]) c-cSec[e+fx]

Problem 88: Result unnecessarily involves imaginary or complex numbers.

J\/a+a5ec[e+fx] (c—cSec[e+fx])3/2d1x

Optimal (type 3, 93 leaves, 3 steps):

ac?log[Cos[e+fx]] Tan[e + fx] acx/cchec[eJrfx] Tan[e + f x]

f/a+aSec[e+fx] vc-cSecle+fx] f/a+aSec[e+fx]
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Result (type 3, 99 leaves):
1

—(1+eﬂ ey fic i+ Cot|

(e+Fx)]

N |

(i+Cos[e+fx] (Fx+ilLlog[l+e?® ®FO])) \/a (1+secfe+fx]) /c-cSec[e+fx]

Problem 89: Result unnecessarily involves imaginary or complex numbers.

J\/a+a5ec[e+fx] vc-cSecle+fx] dx

Optimal (type 3, 48leaves, 2 steps):

aclog[Cos[e+fx]] Tan[e + f X]

f/a+aSec[e+fx] vc-cSecle+fx]
Result (type 3, 84 leaves):

—(((1+e“<e*‘cx)) (fx+1ilog[1+e2t (&FO]) \/a (1+secle+fx]) c-cSec[e+fx] )/

((-1+ 2t eFx)) 'F))

Problem 90: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+a5ec[e+fx}

vc-cSecle+ fx]

Optimal (type 3, 51leaves, 2steps):
alog[l-Cos[e+fx]] Tan[e +fX]

f/a+aSec[e+fx] vVc-cSecle+fx]

Result (type 3, 86 leaves):

(-1+et @) (Fx+2ilog[l-e! ©F0]) [a (1+Secle+fx])

(1+e? @) f1/c-cSec[e+fx]

Problem 91: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

J vJa+aSecle+fx]
(

c-cSecle+fx])

Optimal (type 3, 96 leaves, 3 steps):
aTan[e + f Xx] alog[l-Cos[e+fx]] Tan[e +fx]

+

fi/araSecle+fx] (c-cSecle+fx])¥? cfa+raSecle+fx] /c-cSec[e+Fx]

Result (type 3, 107 leaves):
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(-1+ifx-2Log[1-e! ] +Cos[e+Ffx] (-ifx+2Log[1-e" & F¥]))

(e+fx)})/ (f(c—cSec[e+Fx})3/2)

Sec[e + f x] \/a (1+secfe+fx]) Tan]

N |

Problem 92: Result unnecessarily involves imaginary or complex numbers.

dx

J vJa+aSecle+ fx]
(

c-cSecle+fx])>?

Optimal (type 3, 142leaves, 4 steps):

aTan[e + f x]

2f+/araSecle+fx] (c-cSecle+fx])*?

aTan[e + fx] alog[l-Cos[e+fx]] Tan[e +fx]
+

32 c2f-Ja+aSec[e+fx] Vc-cSecle+fx]

cfvaraSecle+fx] (c-cSecle+fx])

Result (type 3, 152 leaves):

[(373jfx+Cos[e+-Fx} (-4+4ifx-8log[l-e' ®F]) +6Log[1-e @FO]+

Cos[2 (e+fx)] (-ifx+2Log[1-e' F¥])) \/a (1+secle+fx]) Tan[% (e+fx)]

/

(2c2-F (-1+Cosfe+fx])*/c-cSec[e+fx] )

Problem 93: Result unnecessarily involves imaginary or complex numbers.

dx

J vJa+aSecle+ fx]
(

c—cSec[e+-Fx])7/2

Optimal (type 3, 188 leaves, 5steps):

aTan[e + f x] aTan[e + f x]

3f+a+aSec[e+fx] (c—cSec[e+~Fx])7/2 2cf+a+aSecle+fx] (c—cSec[eJr-Fx})S/2

aTan[e + fx] alog[l-Cos[e+fx]] Tan[e +f x]
+

c2f+/a+aSec[e+fx] (c—cSec[e+1Cx])2’/2 c3f+/a+aSec[e+fx] vVc-cSecle+fx]

Result (type 3, 198 leaves):
[(-4@+3@ifx-31fxCos[3 (e+fx)]+18iCos[2 (e+fx)] (i+Ffx+2ilLlog[l-e' &FV]) -

60 Log[1-e! (7] +6Cos[3 (e+fx)]Log[1-et 7]+

9Cos[e+fx] (6—5]’1-Fx+10Log[1—<ej(e*“)}))\/a(1+Sec[e+-Fx]) Tan[ = (e+fx) |

/

N |

(12c3f(71+Cos[e+fx])3\/c7cSec[e+fx] )
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Problem 94: Result unnecessarily involves imaginary or complex numbers.

J(a+a$ec[e+fx])3/2 (c-csecle+fx])*?dx

Optimal (type 3, 190 leaves, 5 steps):

a?c3 Log[Cos[e+fx]] Tan[e + f x] a2c2+/c-cSec[e+fx] Tan[e+fx]

f/a+aSec[e+fx] vVc-cSecle+fx] f+/a+aSec[e+fx]

a?c (c-csSecle+fx])*?Tan[e+fx] a?(c-cSec[e+fx])**Tan[e+fx]

+

2f+\a+asSec[e+fx] 3f+a+aSec[e+fx]

Result (type 3, 157 leaves):

iac?Csc|

N |

oat (e+-Fx)] (21‘1+6J‘1Cos[2 (e+-Fx)] +3fxCos|3 (e+~FxH +

Cos[e+fx] (61i+9fx+9ilog[l+e?’ ®F¥])+3iCos[3 (e+fx)]Log[l+e?* &FO])

Sec[1 (e+fx)] Sec[e+fx12\/a (1+secfe+fx]) Vc-cSec[e+Ffx]
2

Problem 95: Result unnecessarily involves imaginary or complex numbers.

J(a+a5ec[e+1‘:x])3/2 (c-csecle+fx])>?dx

Optimal (type 3, 103 leaves, 3 steps):

a?c? log[Cos[e+fx]] Tan[e + fx] a?c?Tan[e+fx]?3
+

fva+aSec[e+fx] Vc-cSec[e+fx] 2f+a+aSec[e+fx] Vc-cSec[e+Fx]

Result (type 3, 159 leaves):
1

8 (1+el (eF)) £
(i+fx+Cos[2 (e+fx)] (Fx+ilog[l+e?® ¥ ])1iLlog[1+e? ®FO])
SEC[E+'FX]3\/3 (1+secfe+fx]) Jc-cSecle+fx]

iace2t(efx (1+tezj‘('3”:">)2 J'1+Co‘c[l (e+~FxH

Problem 96: Result unnecessarily involves imaginary or complex numbers.

J(a+aSec[e+Fx])3/2\/c7c5ec[e+fx] dx

Optimal (type 3, 93 leaves, 3 steps):

a’clog[Cos[e+fx]] Tan[e + f x] acva+aSec[e+fx] Tan[e+fx]

f/a+aSec[e+fx] vVc-cSecle+fx] f/c-cSec[e+fx]

Result (type 3, 128 leaves):
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! aet @m0 (1,e2 @) (5 cot[ > (e fx)]
2 (1+et ) £ 2

(1+Cosfe+fx] (ifx-Log[l1+e?! T ])) sec[e+fx] \/a (1+secle+fx]) c-cSec[e+fx]

Problem 97: Result unnecessarily involves imaginary or complex numbers.

]>3/2

(a+asecle+fx
J dx

Jc-cSecle+ fx]

Optimal (type 3, 104 leaves, 3 steps):
a?log[Cos[e+fx]] Tan[e +fx] 2a%log[l-Sec[e+fx]]Tan[e+fx]
+

fva+aSec[e+fx] Vc-cSec[e+fx] Ff+a+raSec[e+Ffx] /c-cSec[e+fx]

Result (type 3, 105leaves):

—((a (-1+e' @) (Fx+4iLlog[l-e' ©FY] —ilog[1+e?t (e X ) \/a (1+Secfe+fx]) )/

((1+ei(e*“>)-F\/c—cSec[e+fx1 ))

Problem 98: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+aSec[e+-Fx])3/2
(c-csecle+fx])>?

Optimal (type 3, 100leaves, 3 steps):
2a?Tan[e + fx] a’log[l-Cos[e+fx]] Tan[e + fx]

+

f+/a+aSec[e+fx] (c—cSec[e+1:x1>3/2 cfva+aSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 115leaves):

[a (-2+ifx-2Log[1-e* ®FY] +Cosfe+Ffx] (-ifx+2Llog[1-e! X))

\/a (1+secle+fx]) Tan[1 (e+fx)]

/(cf (-1+Cos[e+fx]) Jc-cSecle+ fx] )
2

Problem 99: Result unnecessarily involves imaginary or complex numbers.

3/2

(a+asecle+fx])
J dx

(c-csecle+fx])>?

Optimal (type 3, 146 leaves, 4 steps):

a’?Tan[e + fx]

fi/a+raSecle+fx] (c-cSecle+fx])*?

a’?Tan[e + f x] a’log[l1-Cos[e+fx]] Tan[e + fx]
+

cfva+aSecle+fx] (c-cSecle+fx])>? c2fa+aSecle+fx] /c-cSec[e+Fx]
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Result (type 3, 153 leaves):

[a (4-3ifx+Cos[e+fx] (-6+4ifx-8log[l-e' ®F¥])+6Log[1-e! @ F¥]

Cos[2 (e+fx)] (-ifx+2Log[1-e' ®F¥])) \/a (1+secle+fx]) Tan[% (e+fx)]

/

(2(:21: (-1+Cos[e+fx])*Vc-cSec[e+fx] )

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3/2

J(a+a5ec[e+fx])

(c-csecle+fx])""?

Optimal (type 3, 196 leaves, 5 steps):

2a’Tan[e + f x] a’?Tan[e + f x]

3f\Va+aSecle+fx] (c-cSecle+fx])”? 2cfva+asSecle+fx] (c-cSecle+fx])*?

a’Tan[e + f x] a’log[l-Cos[e+fx]] Tan[e + fx]
+

c2f+/araSecle+fx] (c-cSecle+fx])¥? cf-/araSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 489leaves):
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o
Siﬁeliwm\/ (L+et ™))

1+ eZ]'l (e+f x)

(fx+2ilog[1-e *T¥]) secle+fx]”? (a (1+Sec[e+fx}))3/251n[§+%]7 /

eJ‘L (e+f x)
<1+ei1 (e++‘x)) -

f(1+Sece+Fx])>? (c-cSecle+Ffx])"?|+
1+e21'1(e+‘FX)

Sec[e+-Fx]4\/(1+Cos[e+fx]) Secle+fx] (a (1+Sec[e+1cx]))3/2

Jecotlglese[3 ] weotlflesel3 T
3f 3f
2ot 3] csel3 )7 amsecl3e &) spese[3]csel3 e ) sin[]
3f 3f 3f
esely) escls - TTsinlF] 2esc[3] el - S sin[Y]
3f 3f
Sin[g+f—x]7 /((1+Sec[e+-Fx})3/2 (c—cSec[e+-Fx})7/2)
2 2

Problem 101: Result unnecessarily involves imaginary or complex numbers.

J(a+a$ec[e+fx])5/2 (c-csecle+fx])*?ax

Optimal (type 3, 153 leaves, 4 steps):

a®c®Log[Cos[e+fx]] Tan[e + f x]

+

f/a+aSec[e+fx] vc-cSecle+fx]
a®c3Tan[e+ fx]3 a®c3Tan[e+fx]°>

2f\a+aSec[e+fx] Vc-cSec[e+fx] 4f+/a+aSec[e+fx] Vc-cSec[e+Fx]

Result (type 3, 164 leaves):

1cJ‘lazc2Csc[1 (e+fx)] (24 +3Ffx+Cos[4 (e+fx)| (fx+ilog[l+e! (X))
16 2

4Cos[2 (e+fx)| (1+fx+ilog[l+e?' ®F¥]) 131 log[1+e?" (¢ F¥])

Sec[1

~ (e+Fx) | Sec[e+fx}3\/a (1+secie+fx]) Vc-cSec[e+fx]
2
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Problem 102: Result unnecessarily involves imaginary or complex numbers.

J(a+a$ec[e+fx])5/2 (c-csecle+fx])**ax

Optimal (type 3, 190 leaves, 5 steps):

a’c?log[Cos[e+fx]] Tan[e + f x] a2c2+/a+aSec[e+fx] Tan[e+fx]

f/a+aSec[e+fx] vVc-cSecle+fx] f+/c-cSecle+fx]

3/2

ac? (a+aSecle+fx])*?Tan[e+fx] 2 (a+aSec[e+fx])**Tan[e+fx]

+

2f+\/c-cSec[e+fx] 3f\c-cSec[e+fx]

Result (type 3, 149leaves):

24 f
Cos[e+fx] (-6+91ifx-9Llog[l+e? ®FX]) _3Cos[3 (e+Fx)]Log[1+e?! (¢FX])

Lachsc[i (e+fx)] (2+6Cos[2 (e+fx)]+3ifxCos[3 (e+fx)]+

Sec[1 (e+fx)] Sec[e+fx12\/a (1+secfe+fx]) Vc-cSec[e+Ffx]
2

Problem 103: Result unnecessarily involves imaginary or complex numbers.

J(a+aSec[e+Fx])5/2\/c—cSec[e+fx] dx

Optimal (type 3, 139leaves, 4 steps):

a®clog[Cos[e+fx]] Tan[e + fx]

f/a+aSec[e+fx] vVc-cSecle+fx]

a’c~/arasSec[e+fx] Tan[e+fx] ac (a+aSecle+fx])>?Tan[e+Ffx]

f+/c-cSecle+fx] 2f+/c-cSec[e+fx]
Result (type 3, 164 leaves):

! 2ot @0 (1,20 @) (i cot| (erfx)]
4 (1+el(@F) £ 2

(1+ifx+4Cos[e+fx] +Cos |2 <e+-Fx)] (J‘l-Fx—Log[ler“(e*”)” —Log[1+e“(e*“)])
SGC[G+'FX]2\/3 (1+Secie+fx]) /c-cSec[e+fx]

Problem 104: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+a5ec[e+fx])5/2
vc-cSecle+ fx]

Optimal (type 3, 152 leaves, 3 steps):
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a®Log[Cos[e+fx]] Tan[e + f x]

+

f/a+aSec[e+fx] vc-cSecle+fx]

4a°Log[l-Sec[e+fx]] Tan[e + fx] a®Sec[e+fx] Tan[e + fx]
+

fva+aSec[e+fx] Vc-cSec[e+fx] f+a+aSec[e+fx] v/c-cSec[e+fx]

Result (type 3, 198 leaves):

(1+Cosfe+fx] (-ifx+8Llog[1-e* ®F¥] _3Log[1+e2!(&F])) \/Sec[l (e+fx”2
2

Sece+fx] (a(1+Sec[e+fx]))>?

Cos[% <e+fx)] +iSin[§ (e+fx)]) Sin{% (e+-FxH /

e]i (e+f x)

(1+et (eF2) f (1+Secle+fx])*?+/c-cSecle+fx]

1+ eZJ'L (e+f x)

Problem 105: Result unnecessarily involves imaginary or complex numbers.

]>5/2

J(a+a5ec[e+fx

(c-csecle+fx])>?

Optimal (type 3, 96 leaves, 3 steps):

433 Tan[e + f x] a’log[Cos[e+fx]] Tan[e + f x]
- +

fi/araSecle+fx] (c-cSecle+fx])*? cfiaraSecle+fx] /c-cSec[e+Ffx]

Result (type 3, 111 leaves):

[az (-4+ifx-Log[1+e?! ®FV] s Cos[e+Ffx] (-ifx+Log[l+e?! (X))

\/a (1+secle+fx]) Tan[1 (e+fx)]

/(cf (-1+Cos[e+fx]) vJc-cSecle+ fx] )
2

Problem 106: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+a5ec[e+fx])5/2
(c-csecle+fx])>?

Optimal (type 3, 100leaves, 3 steps):

2a%Tan[e + f x] a®lLog[l-Cos[e+fx]] Tan[e + f x]
+

fi/araSecle+fx] (c-cSecle+fx])”? c2f~/araSec[e+fx] c-cSec[e+fx]

Result (type 3, 155leaves):
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[az (4-3ifx+Cos[e+fx] (-8+4ifx-8Llog[l-e' Y ])+6Log[1-e' @ F¥ ]+

(e+fx)])/

Cos[2 (e+fx)] (-ifx+2Log[1-e @FV])) \/a (1+secfe+fx]) Tan|

N |

<2c2-F (-1+Cosfe+fx])*/c-cSec[e+fx] )

Problem 107: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

dx

J(a+a5ec[e+fx])

(c-csecle+fx])"?

Optimal (type 3, 148 leaves, 4 steps):

43*>Tan[e + f x]

3faraSecle+fx] (c-cSecle+fx])’?

a’Tan[e + f x] a’log[l-Cos[e+fx]] Tan[e + fx]
+

c2f+/a+aSec[e+fx] (c—cSec[e+1‘:x])3/2 c3f+/a+aSec[e+fx] Vc-cSecle+fx]

Result (type 3, 489 leaves):
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i (e+fx) ) 2

1+ eZJ'l (e+f x)

81%7@1“””\/ (1+e

(fx+2ilog[1-e *T¥]) secle+fx]”? (a (1+Sec[e+fx}))5/ZSin[§+%]7 /

) ei (e+f x)
(1+e (erFx) f(1+Sece+Fx])>? (c-cSecle+Ffx])"?|+
1+e21'1(e+‘FX)

Sec[e+fx]4\/(1+Cos[e+fx]) Secle+fx] (a(1+Secle+fx]))>?

80 Cot[ €] Csc[+ *]  28cot[¢]csc[ e+ X7
- . -

3f 3f

4Cot| %] Csc[$ 15
3f 3f 3f
28Csc[§} Csc[§+ fX]ASin[fX} 4Csc[§} Csc[§+ 1c"]Gsin[‘cx}

3f 3f

+ £X]° 4@ sec

Sin[SJr -F—X]7

/((1+Sec[e+-Fx})5/2 (c—cSec[e+-Fx})7/2)
2 2

Problem 108: Result unnecessarily involves imaginary or complex numbers.

5/2

(a+asec[e+fx])
J dx

(c-cSecle+fx])®?

Optimal (type 3, 194 leaves, 5steps):

a’Tan[e + f x] a’Tan[e + f x]

fVa+aSec[e+fx] (c-cSecle+fx])®? 2c2f+/a+aSec[e+fx] (c-cSecle+fx])>?

a’Tan[e + f x] a’log[l-Cos[e+fx]] Tan[e + fx]
+

c3f+/a+asSec[e+fx] (c—cSec[e+1‘:x])3/2 c*f+/a+aSec[e+fx] vVc-cSecle+fx]

Result (type 3, 285leaves):
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Sec[e+fx]%? (a (1+Sec[e+fx}))5/2

(esfx) |2

16 /2 er i (ef0 [ [1re

1121 (e+fx)

(—Ji'FX+2L0g[1—<e]'l (E*‘CX)”

+ —

8 f

) i (esfx)
(1 + el (e+f x) ) ez e f
1+e?t (8"

(-54+89Cos[e+fx]-60Cos|[2 (e+fx)|+23Cos[3 (e+fx)]|-6Cos[4(e+Ffx)])

Csc[l <e+fx)]85ec[ (e+fx)]~/secle+fx] v1+Sec[e+fx]
2

N |

Si”[l (e”:XHg /((1+Sec[e+fx}>5/2 <C—csec[e+fx]>9/z)
2

Problem 109: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

5/2

dx
11/2

J(a+aSec[e+fx])
(

c-cSecle+fx])

Optimal (type 3, 244 leaves, 6 steps):

433 Tan[e + f x]

11/2

5fva+aSecle+fx] (c-cSecle+fx])

a®Tan[e +f x] a®Tan[e + f x]

2c>f/a+aSec[e+fx] (c-cSecle+fx])>?

3c2f+/a+aSec[e+fx] (c-cSec[e+fx])’?

a®Tan[e + f x] a®log[l-Cos[e+fx]] Tan[e + fx]
+

32 Sf+fa+rasSec[e+fx] Vc-cSecle+fx]

c*f/a+aSec[e+fx] (c-csec[e+fx])

Result (type 3, 615leaves):
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) ‘ <1+(Ejl (e+fx) )2 .
3282 ext@f0 1225 (fx+21ilog[1-e!(f0])
1+62]'L(e+fx)

Sec[e+fx]'/? (a (1+Sec[e+-Fx}))S/ZSin[EJr-F—X]11 /
2 2

(1+et (eF2) e (1+Secle+fx])>? (c-cSecle+fx])™?
1+e21(e++‘x)
1
(1+Sec[e+fx])>? (c-csecle+fx])H?

Sec[e + f x] \/ 1+Cos[e+fx])Secle+fx] (a(1+Secle+fx]))®?

2428 Cot[ 2] Csc [+ £*]  1532Cot[¢] Csc[+ T*]7 608 Cot[ 2] Csc|
- + - +

15 f 15 f 15 f

aacot[2] csc[2+ T*]" acot[¢]csc[e+ TX]” 9325ec
- +

5f 5f 1

2428 Csc[ 2] csc[ 2+ £ sin[X]  1532Csc[®] csc[ €+ TX] ¥ sin[ £X]

vl | —

15 f 15 f
608 Csc[2] Csc[€+ ] sin[FX]  aacsc[€] csc[®+ ] sin[TX]

- +

15 f 5f
4Csc{§}€sc[§+%‘]lesin[%] sin[g+{—x}n
5f 2 2

Problem 110: Result unnecessarily involves imaginary or complex numbers.

7/2

dx

J(c—cSec[ewa])

vJa+aSec[e+ fx]

Optimal (type 3, 204 leaves, 3 steps):
c*Log[Cos[e+fx]] Tan[e + f x] 8c*Log[l+Sec[e+fx]] Tan[e + fx]
+

fa+aSec[e+fx] Vc-cSec[e+fx] f~+a+aSec[e+fx] /c-cSecl[e+fx]

4 c*Sec[e+fx] Tan[e + f x] c*Secle+fx]?Tan[e+ fx]
+

fva+aSec[e+fx] Vc-cSec[e+fx] 2f+a+aSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 153 leaves):
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cg'(iot[1 (e+fx)] (-1+ifx+8Cos[e+Ffx]-16Log[l+e' *F¥ ]| +7Log[1+e?* @FO]
2

Cos[2 (e+fx)]| (ifx-16Log[1+e’ *F¥ ]| +7Log[1+e2t (T ]))

/(Zf\/a (1+secle+fx]) )

Sec[e+fx]*+c-cSecle+fx]

Problem 111: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(c-csecle+fx])>?
J dx

vJa+aSec[e+ fx]

Optimal (type 3, 151 leaves, 3 steps):
c3 Log[Cos[e+fx]] Tan[e + fx]

+

fa+aSec[e+fx] Jc-cSecle+fx]
4c3log[l+Sec[e+fx]] Tan[e + fx] c>Sec[e+fx] Tan[e + f x]

fva+aSec[e+fx] Vc-cSec[e+fx] f+a+aSec[e+Ffx] /c-cSec[e+fx]
Result (type 3, 315leaves):

e%i(eﬁ‘x)\/ (1+e!(eF0)* CSC[SJr’C_X]S

1+e21‘1(e+fx) 2 2

(ifx-8Log[l+e' ®FY ] +3Log[1+e? ®F¥])/1+Secle+fx] (c—cSec[e+1‘:x])5/2 /

) ei(e+fx)
4\/7(1+e (erfx)) L orietn -FSec[e+-Fx]5/2\/a (1+secfe+fx]) |+
e fx;s e fx
Cos[e+fx]2Csc[—+ —] Sec[7+f]\/(1+Cos[e+fx])5ec[e+fx}
2 2 2 2

/1 +Sec[e+fx] (c—cSec[e+fx])5/2]/(8f\/a (1+sec[e+fx]) )

Problem 112: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

J(ccSec[ewa])

vJa+aSecle+ fx]

Optimal (type 3, 102 leaves, 3 steps):
c?Log[Cos[e+fx]] Tan[e + f x] 2c?log[l+Sec[e+fx]] Tan[e + fx]

f\a+aSec[e+fx] Vc-cSec[e+fx] f~a+raSec[e+Ffx] /c-cSec[e+fx]

Result (type 3, 103 leaves):
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—((c (1+ej (e+~Fx)) (-Fx+4jLog[1+<ej‘ (e+fx)] 7j|_og[1+e211(e+f><)]) Vc-csecle+fx] )/

((—1+ej(e*“)>f\/a (1+sec[e+fx]) ))

Problem 113: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J\/c—cSec[eH:x}

va+aSec[e+fx]

Optimal (type 3, 49leaves, 2 steps):
cLog[l+Cos[e+fx]] Tan[e + fx]

f/a+aSec[e+fx] vc-cSecle+fx]

Result (type 3, 105leaves):

1 [e+fx 2
(1+<ejl (eﬂcx)) ¢ [dret (P ('FX+21'L Log[1+<ei (e“CX)])

1121 (e+fx)

(-1+et(efx) -F\/a (1+secle+fx])

Problem 114: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx

J\/a+aSec[e+1Cx] \c-cSecle+fx]

Optimal (type 3, 46 leaves, 2 steps):
Log[Sin[e +fx]] Tan[e + f x]

f/a+aSec[e+fx] Vc-cSecle+fx]
Result (type 3, 122 leaves):

—([2 (-1+et @) Cos[l (e+1:x)]2 (fx+ilog[l-e" ®F9] +iLog[1+e! (®F¥])
2

Problem 115: Result unnecessarily involves imaginary or complex numbers.

Sec[e + f x] /((1+e“e+”>)f\/a (1+sSecfe+fx]) vc-cSecle+fx]

1

dx

J\/a+aSec[e+1‘:x1 (c-csecle+fx])>?

Optimal (type 3, 168 leaves, 3 steps):
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Tan[e + f x]

+

2cf (1-Cos[e+fx])Ja+aSec[e+fx] Vc-cSec[e+fx]

3Log[l-Cos[e+fx]] Tan[e +fx] Log[l+Cos[e+fx]] Tan[e + fXx]
+

4cf/a+aSec[e+fx] Jc-cSecle+fx] 4cf+a+aSec[e+fx] Vc-cSec[e+Fx]

Result (type 3, 143 leaves):
((-1+2ifx-3Log[l-e' FY] - Log[1+e' (&F¥ ]+

Cos[e+fx] (-2ifx+3Llog[l-e' @ ] +log[1+e! &FO])) Tan[e+Fx})/

(Zcf (-1+Cos[e+fx]) \/a (1+secle+fx]) Jc-cSecle+ fx]

Problem 116: Result unnecessarily involves imaginary or complex numbers.

1

dx

J\/aJraSec[eercx} (c-csecle+fx])>?

Optimal (type 3, 274 leaves, 3 steps):
Log[Cos[e+fx]] Tan[e + fx]

+

c2f+/a+aSec[e+fx] Vc-cSec[e+fx]
7Log[l-Sec[e+fx]] Tan[e +fx] Log[1l+Sec[e+fx]] Tan[e + f X]
+

8c2f+/a+aSec[e+fx] Jc-cSec[e+fx] 8c2f+a+aSec[e+fx] Vc-cSec[e+fx]
Tan[e + f x]

4c2f (1—Sec[e+1‘:x})2\/a+aSec[e+Fx] vJc-cSecle+fx]
3Tan[e + f x]

4c*f (1-Secle+fx]) va+aSec[e+fx] /c-cSec[e+fx]

Result (type 3, 194 leaves):
((8-121ifx+21log[1-e! &F9] 4
Cosfe+fx] (-10+161ifx-28Llog[l-e' "] _4log[1+e’ ™)) +3Log[l+e" 0]+

Cos[2 (e+fx)]| (-4ifx+7Log[1-e' ]+ Log[1+e! (& F¥])) Tan[e+fx])/

(8(:21c (71+Cos[e+fx])2\/a (1+Secfe+fx]) c-cSec[e+fx]

Problem 117: Result unnecessarily involves imaginary or complex numbers.

(c-csecle+fx])"?
J dx

(a+asecle+fx])>?

Optimal (type 3, 215leaves, 3 steps):
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c*Log[Cos[e+fx]] Tan[e + f x]

afva+aSec[e+fx] Vc-cSec[e+fx]

4c*log[l+Sec[e+fx]] Tan[e +fx] c*Sec[e+fx] Tan[e + f x]
+ _

afva+aSec[e+fx] Vc-cSec[e+fx] af+va+aSec[e+fx] Vc-cSec[e+fx]
8c*Tan[e + fx]

af (1+Secle+fx])Va+aSec[e+fx] /c-cSec[e+fx]

Result (type 3, 204 leaves):

cf’cOt[1 (e+fx)] (-2+ifx+8Llog[l+e @FO] 4
2

2Cos[e+fx] (-9+ifx+8Llog[l+e’ ¥ ]| _5Llog[1+e2t (&FO])
Cos[2 (e+fx)]| (ifx+8Llog[l+e’ ®F¥] _5log[1+e?! @ ¥ ]) _5Log[1+e2! &F])

/

Problem 118: Result unnecessarily involves imaginary or complex numbers.

Sec[e+fx]Vc-cSec[e+fx]

2af (1+Cosfe+fx])/a(l+Secfe+fx]) )

(c-cSecle+fx])®>?
J dx

(a+asecle+fx])>?

Optimal (type 3, 96 leaves, 3 steps):

4c3Tan[e + f x] c®Log[Cos[e+fx]] Tan[e + f x]
- +

f(a+asecle+fx])>?/c-cSecle+fx] afva+aSecle+fx] /c-cSec[e+Fx]

Result (type 3, 116 leaves):

J'lCZCOt[l (e+-FxH (41i+Ffx+Cos[e+fx] (-Fx+j1Log[1+<e“<e“cx>]) +11Log[1+e“(e”:x>])
2

vc-cSecle+ fx] )/ (a-F(1+Cos[e+fx}) \/a (1+sSecfe+fx]) )

Problem 119: Result unnecessarily involves imaginary or complex numbers.

3/2

(c-csecle+fx])
J dx

(a+asecle+fx])>?
Optimal (type 3, 98 leaves, 3 steps):
2c?Tan[e + f x] c?log[l+Cos[e+fx]] Tan[e + f x]

- +

f(a+asecle+fx])>?/c-cSecle+fx] af+va+aSecle+fx] /c-cSec[e+Fx]

Result (type 3, 114 leaves):

]'lcCot[1 (e+fx)] (24 +fx+Cosfe+fx] (fx+2ilog[l+e' ®FY]) 121 Log[1+e’ & FO])
2

vc-cSecle+ fx] )/ (a-F(1+Cos[e+fx1) \/a (1+sec[e+fx]) )
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Problem 120: Result unnecessarily involves imaginary or complex numbers.

a+aSec[e+fx

J vJc-cSecle+ fx]
(

]>3/2

Optimal (type 3, 94 leaves, 3 steps):
cTan[e + f x] clLog[l+Cos[e+fx]] Tan[e +fx]

- +

f(a+asecle+fx])>?/c-cSecle+fx] afa+aSecle+fx] /c-cSec[e+Fx]

Result (type 3, 106 leaves):

11C0t[1 (e+fx)] (i+Ffx+Cos[e+Ffx] (fx+2ilog[l+e* ®F]) 421 Log[1+e’ ¢ F¥])

2
/(F (a (1+Sec[e+1:x1))3/2)

Sec[e+fx] Vc-cSec[e+fx]

Problem 121: Result unnecessarily involves imaginary or complex numbers.
1

dx

J(a+aSec[e+-Fx])3/2\/c—c5ec[e+fx]

Optimal (type 3, 215leaves, 3 steps):
Log[Cos[e+fx]] Tan[e + f x]

+

afva+aSec[e+fx] Vc-cSec[e+fx]
Log[l-Sec[e+fx]] Tan[e + fx] 3Log[l+Sec[e+fx]] Tan[e + fx]

N
4af-/a+rasSec[e+fx] Vc-cSecle+fx] 4af~/a+aSec[e+fx] Vc-cSec[e+Fx]
Tan[e + f x]

2af (1+Sec[e+fx])VaraSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 141 leaves):
((1-2ifx+Llog[l-el 9] 3L0g[1+el(eF0]

Cos[e+fx] (-2ifx+Llog[l-e! ®FV]4310g[1+e! &FO])) Tan[e+fx})/

(2a-F(1+Cos[e+-Fx}> \/a (1+secfe+fx]) vc-cSecle+ fx]

Problem 122: Result unnecessarily involves imaginary or complex numbers.

1
J(a+a$ec[e+1‘:x])3/2 (c-cSecle+fx])>?

Optimal (type 3, 101 leaves, 3 steps):

Cot[e + fx] Log[Sin[e+fx]] Tan[e + f X]
+

2acf+/a+aSec[e+fx] Vc-cSecle+fx] acf+a+aSec[e+fx] Vc-cSec[e+fx]

Result (type 3, 151 leaves):
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((1-ifx+Log[l-e'®F¥ | +Cos[2 (e+fx)]| (Lfx-Log[l-e" ®FY]| _Log[1+e' ¢ FX )+
Log[1+e' (¢F¥ ) Sec[e+-Fx]2Tan[e+-Fx])/

(2c-F(—1+Sec[e+fx]) (a <1+Sec[e+-Fx]))3/2\/c—cSec[e+-Fx] )

Problem 123: Result unnecessarily involves imaginary or complex numbers.

1

J(a+aSec[e+1‘:x])3/2 (c-cSecle+fx])>?

Optimal (type 3, 347 leaves, 3 steps):
Log[Cos[e+fx]] Tan[e + f x] 11Llog[l-Sec[e+fx]] Tan[e + fx]

+ +
ac2f+a+aSec[e+fx] Vc-cSecle+fx] 16ac2f-/a+aSec[e+Ffx] /c-cSec[e+fx]
S5Log[l+Sec[e+fx]] Tan[e + fx]

16ac2f+/a+aSec[e+fx] Vc-cSec[e+fx]
Tan[e + f X]

8acf (1—Sec[e+-Fx])2\/a+aSec[e+-Fx] vJc-cSecle+ fx]

Tan[e + f x]

2ac2f (1-Secle+fx])Va+aSec[e+Ffx] /c-cSecle+fx]

Tan[e + f Xx]

8ac2f (1+Secle+fx])Va+aSec[e+fx] /c-cSec[e+fx]

Result (type 3, 275leaves):

((14-16ifx-8ifxCos[3 (e+fx)]|+22Log[1-e* ®F¥]|+11Cos[3 (e+Fx)]Log[1-e ®F¥]
Cos[e+fx] (-12+8ifx-11log[1-e* ®F¥]| _5Log[1+e! (®FX])
2Cos[2 (e+fx)] (-5+81ifx-11Llog[l-e' TV ] _5log[1+e! &FO]) +

10Log[1+e' *F¥ ]| +5C0s[3 (e+fx)| Log[1+e’ T ]) Tan[e+fx])/

(32ac2f(71+Cos[e+fx])2 (1+Cos[e+fx]) \/a (1+sSecfe+fx]) vc-cSecle+ fx]

Problem 124: Result unnecessarily involves imaginary or complex numbers.

7/2

J(c—cSec[ewa])

(a+asecle+fx])>?

Optimal (type 3, 220 leaves, 3 steps):
c*Log[Cos[e+fx]] Tan[e + fX] 2c*Log[l+Sec[e+fx]] Tan[e + fx]

+ —

a?f+/a+aSec[e+fx] Vc-cSec[e+fx] a’f+a+aSec[e+fx] Vc-cSec[e+fx]
4 c*Tan[e + fx]

+

az-F(1+Sec[e+1:x1)2\/a+aSec[e+Fx1 vc-cSecle+ fx]

4c*Tan[e + f x]

a’f (1+Sec[e+fx])~/a+aSec[e+fx] Vc-cSec[e+fx]
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Result (type 3, 157 leaves):

[c3Cot[1 (e+fx)] (4Cos[e+Ffx] (-2+ifx-4Llog[l+e’ TV +Llog[1+e?t (&FX]) 4
2

(3+Cos[2(e+fx)]) (ifx-4Log[1+e* ®F¥ ] log[1+e?! ®F¥])) +/c-cSec[e+fx]

/

(Zazf (1+Cos[e+-Fx])2\/a (1+Secle+fx]) )

Problem 125: Result unnecessarily involves imaginary or complex numbers.

5/2

J(c—cSec[eﬂcx])

(a+aSec[e+fx])*?

Optimal (type 3, 98 leaves, 3 steps):

2c3Tan[e + fx] c3log[l+Cos[e+fx]] Tan[e + fx]
- +

f(a+aSecle+fx])”?/c-cSec[e+fx] a’f~/a+aSec[e+fx] Vc-cSecle+fx]

Result (type 3, 154 leaves):

[J’lczCot[l (e+fx)] (4i+3fx+Cos[2 (e+fx)]| (fx+2ilog[l+e' ®F¥])
2

4Cosfe+fx] (2i+Ffx+2ilog[l+e! ®FV])+61iLlog[1+e” ®F¥])/c-cSec[e+fx]

/

(Zazf (1+Cos[e+-Fx])2\/a (1+secle+fx]) )

Problem 126: Result unnecessarily involves imaginary or complex numbers.

]>3/2

(c-cSec[e+fx
J dx

(a+aSec[e+fx])>?

Optimal (type 3, 144 leaves, 4 steps):

c?Tan[e + fx]

f(a+asecle+fx])**+/c-cSec[e+Ffx]

c?Tan[e + f x] c?log[l+Cos[e+fx]] Tan[e + f x]
+

af<a+aSec[e+-Fx})3/2\/c—c5ec[e+fx} a2f+/a+aSec[e+fx] c-cSecl[e+fx]

Result (type 3, 152 leaves):

[jcCot[1 (e+fx)] (4i+3fx+Cos[2 (e+fx)] (Fx+21ilog[l+el @ F]) 4
2

Cos[e+fx] (61i+4fx+8ilog[l+e’ ®F¥])+61ilog[1+e’ ®F¥])~/c-cSec[e+fx] )/

(2a2-F (1+Cosfe+Fx])* [a (1+Secle+Fx]) )
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Problem 127: Result unnecessarily involves imaginary or complex numbers.

J vJc-cSecle+ fx]
(

a+aSec[e+fx])>?

Optimal (type 3, 140leaves, 4 steps):

cTan[e + f x]

2f (a+aSec[e+fx])**~/c-cSec[e+fx]

cTan[e + f X] clLog[l+Cos[e+fx]] Tan[e+fx]
+

af (a+aSecle+fx])*>?*+/c-cSec[e+fx] a?f+/a+aSec[e+fx] Vc-cSecle+fx]

Result (type 3, 151 leaves):

JiCot[l (e+fx)] (31+3Ffx+Cos[2(e+fx)]| (fx+21ilog[l1+e' & F]) 4
2

4Cosfe+fx] (i+Ffx+2ilog[l+e! ®F¥Y]) +6ilog[l+e’ ®FO])~/c-cSecle+fx]

/

(Zazf (1+Cos[e+1‘x])2\/a (1+sec[e+fx]) )

Problem 128: Result unnecessarily involves imaginary or complex numbers.
1

dx

J(a+aSec[e+-Fx])5/2\/c—cSec[e+1°x}

Optimal (type 3, 270leaves, 3 steps):
Log[Cos[e+fx]] Tan[e + fx]

+

a?f+/a+aSec[e+fx] Vc-cSec[e+fx]
Log[l-Sec[e+fx]] Tan[e + fx] 7Log[1l+Sec[e+fx]] Tan[e + f X]
+

8a2f+/a+aSec[e+fx] Vc-cSec[e+fx] 8a’f+a+aSec[e+fx] Vc-cSec[e+fx]
Tan[e + f x]

4a2f (1+Secle+fx])?/a+asSec[e+fx] Vc-cSecle+fx]
3Tan[e + f x]

4a2f (1+Secle+fx])Va+aSec[e+fx] /c-cSec[e+fx]

Result (type 3, 195leaves):
((8-12ifx+3Log[l-e! ®F¥ ] 2110g[1+el (FO]
Cos[z (e+-FxH (—4]'1'FX+L0g[1—<ej‘ (e*‘:")] +7Log[1+ei (e*‘:")]) "

2Cos[e+fx] (5-8ifx+2Llog[l-e' ®F¥] +14L0g[1+e' 7Y ])) Tan[e+1:x1)/

(8a2f (1+Cos[e+fx])2\/a (1+secfe+fx]) c-cSec[e+fx]
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Problem 129: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(a+a5ec[e+1‘:x])5/2 (c-cSecle+fx])>?
Optimal (type 3, 345leaves, 3 steps):
Log[Cos[e+fx]] Tan[e + f x] 5Log[1l-Sec[e+fx]] Tan[e +fx]
+ +

a2cf+/a+raSec[e+fx] Jc-cSec[e+fx] 16a’cf~/a+aSec[e+fx] /c-cSec[e+fx]
11Log[l+Sec[e+fx]] Tan[e +f x]

16a2cf+/a+aSec[e+fx] vc-cSecle+fx]
Tan[e + f Xx]

8a2cf (1-Secle+fx])Va+aSec[e+fx] /c-cSec[e+fx]

Tan[e + f x]

g8a?cf (1+Secle+fx])?a+asec[e+fx] Vc-cSecle+fx]

Tan[e + f x]

2a%cf (1+Secle+fx])Va+aSec[e+Ffx] /c-cSecle+fx]

Result (type 3, 275leaves):

((-14+161ifx-8ifxCos[3 (e+fx)|-10Log[1-e’ ®F¥] +5Cos[3 (e+fx)]Log[1-e' (¥ ]
Cos[e +f x] (—12+81’11‘:x—5Log[l_(efl (e+f><>] _11 Log[1+ej <e++><>]> -
22Log[1+e' ®F¥ ] +11Cos[3 (e+fx) | Log[1+e (& F¥ ]

2Cos[2 (e+fx)] (5-8ifx+5Log[1-e! Y] +11L0g[1+e FO])) Tan[e+fx])/

(32a2cf(—1+Cos[e+Fx]) (1+Cos[e+fx})2\/a (1+Secfe+fx]) /c-cSec[e+fx]

Problem 130: Result unnecessarily involves imaginary or complex numbers.
1

J(a+aSec[e+1‘:x])5/2 (c-cSecle+fx])>?

Optimal (type 3, 151 leaves, 4 steps):

Cot[e + fx]
2a2c2f+/a+asSec[e+fx] Vc-cSecle+fx]

Cot[e+fx]3 . Log[Sin[e+fx]] Tan[e + f x]
4a2c2f+a+aSecle+fx] Vc-cSec[e+fx] a?c2f-+/a+aSec[e+fx] v/c-cSecle+fx]

Result (type 3, 195leaves):
(Cscle+fx]®(2-3ifx+3Llog[l-e & O]+
COS[Z (e+fx” (74+4jfx74|-0g[1*ej (encx)} 74L0g[:|.+(ejl (eﬁ:x)}) +3|_0g[1+(ei1 (e+fx)] 4

Cos[4 (e+fx)] (-ifx+Llog[l1-e' ®F ]| Log[1+e (&F¥])) Sec[e+-Fx])/

(Sazczfx/a (1+secle+fx]) Vc-cSec[e+fx]
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Problem 131: Unable to integrate problem.
J(1+Sec[e+fx})m (c-csecle+fx])"dx

Optimal (type 6, 92 leaves, 2 steps):

1em 1 1 3 1
[22 AppellF1[=+n, —-m, 1, ~+n, — (1-Sec[e+fx]), 1-Sec[e+fx]]
2 2 2 2

(c-csecle+fx])"Tan[e + fx]

/(f(1+2n) \/1+Sec[e+fx] )

Result (type 8, 26 leaves):

J(1+Sec[e+1:x1)m (c-csecle+fx])"dx

Problem 132: Unable to integrate problem.

J(a+a$ec[e+fx])"' (c-csec[e+fx])"dx

Optimal (type 6, 109 leaves, 3 steps):

1 1 1 1 3 1
—————2:"cAppellF1[ = +m, =-n, 1, —+m, = (1+Sec[e+fx]), 1+Sec[e+fx]]
f(1+2m) 2 2 2 2

(1—Sec[e+fx})§’” (a+asecle+fx])" (c—cSec[e+fx})’1*”Tan[e+fx}
Result (type 8, 28 leaves):
J(a+aSec[e+fx])m (c-csec[e+fx])"dx
Problem 133: Unable to integrate problem.

J(a+a$ec[e+1‘x])3 (c-csecle+fx])"dx
Optimal (type 6, 101 leaves, 3 steps):

1 1., 7 1 9 1

2:"cAppellFl[—, —-n, 1, —, (1+sec[e+fx]), 1+Secle+fx]]
f 2 2 2 2

(1—5ec[e+fx1)§’" (a+aSec[e+1:x1)3 (c—cSec[eﬂcx})’1*”Tan[e+-Fx1

Result (type 8, 28 leaves):

J(a+a$ec[e+1:x])3 (c-csecle+fx])"dx

Problem 134: Unable to integrate problem.

a+aSec[e+fx])? (c-cSec[e+Ffx])"dx
( )
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Optimal (type 6, 101 leaves, 3 steps):
1 1., 5 1 7 1

22" cAppellF1[ =, —-n, 1, —, — (1+Sec[e+fx]), 1+Sec[e+fx]]
f 202 272

(1—5ec[e+fx1)§’" (a+aSec[e+1:x1)2 (c—cSec[e+fx})'1+”Tan[e+fx1

Result (type 8, 28 leaves):

J(a+a$ec[e+1:x])2 (c-csecle+fx])"dx

Problem 135: Unable to integrate problem.

J(a+a$ec[e+fx]) (c-csec[e+fx])"dx

Optimal (type 6, 99 leaves, 3 steps):

1 1, 3 1 5 1
22" cAppellF1[ =, ~-n, 1, =, = (1+Sec[e+fx]), 1+Sec[e+fx]]
3f 272 272

(1—Sec[e+fx})§’n (a+asec[e+fx]) <c—cSec[e+-Fx])’“”Tan[ewa]

Result (type 8, 26 leaves):

j(a+a$ec[e+fx]) (c-csec[e+fx])"dx

Problem 136: Unable to integrate problem.

(c-cSecle+fx])"
J dx

a+aSec[e+fx]

Optimal (type 6, 99 leaves, 3 steps):

1n 1 1 1 1
7([22 cAppellF1[-—, =-n, 1, =, ~ (1+Sec[e+fx]), 1+Sec[e+fx]|

2 2 2 2
(1—Sec[e+1‘:x])§’n (c—cSec[e+fx1)’1*”Tan[e+1:x1 /(-F (a+asecle+fx]))

Result (type 8, 28 leaves):
J(ccSec[ewa])"

a+aSec[e+fx]

dx

Problem 137: Unable to integrate problem.

(c-csSecle+fx])"
J dx

(a+asecle+fx])?

Optimal (type 6, 101 leaves, 3 steps):
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1 1 1 1
—([22 c AppellF1]- ,f—n,l,—f,f(1+Sec[e+fx]),1+Sec[e+-Fx}]
2 2

. :
1) /(3-F(a+aSec[e+fx}>2)]

(1-secle+fx 7" (c—cSec[e+fX}>’1*”Tan[e+fx}

Result (type 8, 28 leaves):

(c-csecle+fx])"
J dx

(a+asecle+fx])?
Problem 138: Unable to integrate problem.
J(a+a$ec[e+1‘:x])5/2 (c-csecle+fx])"dx

Optimal (type 5, 172leaves, 4 steps):

6a> (c-cSec[e+fx])"Tan[e+fx]

f(1+2n)Va+aSec[e+fx]

1 3
(2 a® Hypergeometric2F1[1, ~—+n, —+n, 1-Sec[e+fx]| (c-cSec[e+fx])"Tan[e+fx]
2 2

/

2a% (c-cSecle+fx]) " Tan[e + fx]

(f (1+2n)+a+aSec[e+fx] )—

cf(3+2n)Va+aSec[e+fx]

Result (type 8, 30 leaves):

a+aSec[e+fx])>? (c-cSecl[e+fx])"dx
( )

Problem 139: Unable to integrate problem.

J(a+a$ec[e+1‘x])3’/2 (c-csecle+fx])"dx

Optimal (type 5, 119leaves, 3 steps):

2a? (c-cSecle+fx])"Tan[e+fx]

f(1+2n)+/a+aSecle+fx]

1 3
(2 a’ Hypergeometric2F1[1, —+n, —+n, 1-Sec[e+fx]]| (c-cSec[e+fx])"Tan[e+fx]
2 2

/

(f (1+2n)a+aSec[e+fx] )

Result (type 8, 30 leaves):

a+asSecle+fx])*? (c-csSecle+fx])"dx
( )
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Problem 140: Unable to integrate problem.

J\/a+aSec[e+fx] (c-csec[e+fx])"dx

Optimal (type 5, 68 leaves, 2 steps):

1 3
(ZaHyper‘geometriCZFl[l, —+n, —+n, 1—Sec[e+fx]] (c—cSec[e+-Fx])”Tan[e+-Fx}
2 2

(f (1+2n) a+aSec[e+fx] )

/

Result (type 8, 30leaves):

J\/a+a5ec[e+fx] (c-csecle+fx])"dx

Problem 141: Unable to integrate problem.

dx

J(c—cSec[eﬂcx])”
va+aSecle+ fx]
Optimal (type 5, 139 leaves, 4 steps):

, 1 3 1 )
—([Hyper‘geometchFl[l, —+n, —+n, = (1-Sec[e+fx])| (c-cSecle+fx])"Tan[e+fx]
2 2 2

/

(f (1+2n)a+aSec[e+fx] )) +

1 3
(ZHyper‘geometr‘iczFl[l, —+n, —+n, 1fsec[e+-Fx]} (c—cSec[eﬂcx})"Tan[eﬂcx])/
2 2

(f (1+2n)+a+aSec[e+fx] )

Result (type 8, 30leaves):

dx

J(ccSec[ewa])"

vJa+aSecle+ fx]

Problem 142: Unable to integrate problem.

dx
3/2

J (c-csecle+fx])"
(

a+aSec[e+fx])

Optimal (type 5, 205 leaves, 5steps):
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- ( [ (5-2n) Hypergeometric2F1[1, 1 +n, 3 +n, — (1-Secle+fx]) ]
2 2

1
2
/(4af(1+2n) va+aSec[e+fx] )] +

(c-csecle+fx])"Tan[e+fx]

1 3
(ZHyper‘geometr‘iCZFl[l, —+n, —+n, 1—Sec[e+~Fx]} (c—cSec[e+-Fx})”Tan[e+-Fx])/
2 2

(c-csecle+fx])"Tan[e + fx]

(a-F (1+2n) va+aSec[e+fx] )7

2af (1+Sec[e+fx])/a+aSecl[e+fx]

Result (type 8, 30leaves):
J (c-csecle+fx])"
(

dx
a+aSecle+fx])>?

Problem 143: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+a5ec[e+fx}

c+cSecle+fXx]

Optimal (type 3, 91 leaves, 6 steps):

N _a Tanfe+fx] NeaNre
2 a Ar‘cTan[ a Tan[e+fx ] 2 a Ar‘cTan{ a Tan[e+f X]

cf cf

Result (type 3, 168 leaves):
1

C(1eet@F0)f

1+t (@) [fx i ArcSinh[e! ©F9] 1+ i/2 Log[1+e' ®FO9] +ilLog[1+/1+e?* &F0 ]

iV2 Log[1-e! &0 4 /2 [1+e2t (&F0) ]] \/a (1+Sec(e+fx])

Problem 146: Unable to integrate problem.

1

dx

J(a+aSec[e+1Cx]) Jc+dSecle + fx]

Optimal (type 4, 3191leaves, 5steps):
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1 c+dSec[e+fx c+d
2+/c+d Cot[e+fx] EllipticF[Ar‘cSin[\/ - [e+7x] B - ]

a(c-d)f Jec+d c-d

d(1-secle+fx]) d(1+Secle+fx]) 1
c+d c-d acf

d ds f d
2+/c+d Cotlefx] EllipticPi| ,ArcSin[vc+ eclexx) ), <4
c Ve+d c-d
d(1-Sec[e+fx]) d(1+Sec[e+fx])
c+d c-d
L. . Tan[e + f x] c-d 1
EllipticE[ArcSin| B Jc+dSecle + fx] /
1+Secfe+fx] c+d 1+Sec[e+fXx]

c+d) (1+Secle+fx])

a(cd)f\/ c+dSec[e+fXx]
(

Result (type 8, 29 leaves):
1

dx

J(a+aSec[e+1‘:x]) Jc+dSecle + fx]

Problem 147: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j\/a+aSec[e+fx] (c+dSec[e+fx])*dx

Optimal (type 3, 271 leaves, 5steps):
2a%2c* ArcTanh | @] Tan[e + f x]

Va

+ —

f+/a+aSec[e+fx] fva-aSec[e+fx] Va+aSec[e+fx]
2d? (6c?+8cd+3d?) (a-aSec[e+fx]) Tan[e+fx]

2ad (2c+d) (2c?+2cd+d?) Tan[e + fx]

+

3f+/a+aSec[e+fx]
2d° (4c+3d) (a—aSec[e+-Fx])2Tan[e+fx1 2 d* (a—aSec[e+-Fx})3Tan[e+-Fx]

5af+a+aSecle+fx] 7a2f+/a+aSec[e+fx]

Result (type 4, 589 leaves):
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1

Cos[e+fx]*Sec| (e+-Fx)] \/a (1+secle+fx]) (CerSec[eercx])4

N |

f(d+cCos[e+Ffx])*

(id (105 c* + 105 c*> d + 56 ¢ d* + 12 d°) Sin[1 (e+fx)] +3d45ec[e+fx]351n[l (e+fx)]+

105 2 7 2
iSec[e+1=x]2 14cd3Sin[l(e+fx)]+3d4sin[1(e+fx)] + Sec[e + f x]
35 2 2 105
[1e>5c2c1251n[1 (e+fx)] +56cd351n[l (e+fx)] +12d451n[l (e+fx)] ]-
2 2 2
1 1 4
8 (—3—2\5) c4Cos[Z (e+Fx”

f(d+cCosfe+fx])*

7-5v2 + (10-7/2 ) Cos|

1+Cos[§ (e+FX)

(e+'FXH —1+\/?—(—2+\/7)Cos[i(e+fx”

1+Cos[§ (e+Fx)]

(1—\/?+(—2+\E) Cos[1<e+fx)]

2

Cos[e+fx]?

Tan[1 (e+fx) ]|
EllipticF [ArcSin| : ],17-122 ] +

3-24/2

Tan[i (e+fx”
\J3-2+/2

Sec[i (e+fx>]2 Sec[i (e+fx)]

2EllipticPi[-3+2+/2, -ArcSin|

|, 17-12~2 ]

2

\/(1\/7+ (2+ﬁ) COs[1 (e+Fx)]

Ja (1+secle+fx]) (c+dSec[e+1‘:x])4\/3—2\/_—Tan[1(e+1‘:x>]2

4

Problem 148: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+a5ec[e+fx] (c+dSec[e+fx])?>dx

Optimal (type 3, 205leaves, 5steps):

3/2 -3 a-aSec[e+fXx]
2ad(3c2+3cd+d2)Tan[e+fx]+2a/ c® ArcTanh | NS ]Tan[e+fx}_
f+/a+aSec[e+fx] f\a-aSec[e+fx] Va+aSec[e+fx]

2d? (3c+2d) (a-aSec[e+fx])Tan[e+fx] 2d*(a-aSecle+fx])?Tanle+fx]
+

3f+a+aSec[e+fx] 5af+a+aSecle+fx]

Result (type 4, 519 leaves):
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Cos[e+fx]3sec| (e+fx)] \/a (1+Sece+fx]) <c+dSec[e+-Fx]>3

N | =

id (45c*+30cd+8d?%) Sin[1 (e+-Fx)] JrEdE’Sec[eJr-Fx]ZSin[l (e+Fx” +
15 2 5 2
2 1 1
—Sec[e+ fX] (15cd251n[— (e+fx)]+ad®sin[ = (e+fx) ]| ])/
15 2 2
(-F(d+cCos[e+-Fx])3)f = 38(—372\5) c3’Cos[l(e+-FxH4
4

f (d+cCos[e+fx])

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1+4/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+C05[i(e+1‘x”

Cos[e+fx]?

(1—\5+(72+\5) Cos[%(ewa)]

Tan[% (e+fx) |
EllipticF [ArcSin[ —— |,17-12+/2] +
3-242
Tan[1 (e+fx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]

\N3-2+2

Sec|

(e+-Fx>]2 Sec[~ (e+fx) |

IS
N

\/(1\/7+ 2o 7 cos[ o]

\/a (1+sece+fx]) (c+dSec[e+1cx])3\/3—2\/_—Tan[l(e+1cx>]2

4

Problem 149: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+aSec[e+fx] (c+dsecle+fx])?dx

Optimal (type 3, 144 leaves, 5steps):
2ad (2c+d) Tan[e + fx]

+

f+/a+aSec[e+fx]

a-aSec[e+fXx]

\/ai —_
f/a-aSec[e+fx] Va+aSec[e+fx] 3f+a+aSec[e+fx]

2a%2c?ArcTanh| | Tan[e + fx]

2d? (a-asSec[e+fx]) Tan[e+fx]

Result (type 4, 463 leaves):
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Cos[e+fx]?Sec| (e+fx)] \/a (1+Sece+fx]) <c+dSec[e+-Fx]>2

)/

N | =

4 1 2 1
—d (3c+d)Sin|— f —d’s fx] Sin| = f
; (3c+d) 1n[2(e+ x)]+3 ecle+fx] 1n[2<e+ x)]

1

(f (d+cCos[e+-Fx])2) -
f (d+cCos[e+1‘:x])2

1

<e+-Fx)]4 7-5+/2 + (10—7\/7) Cos[% (e+Fx)]

4 1+Cos[i(e+fx”

8 (-3-2V2 c?cos|

~1++/2 - (—2+\/7) Cos[i (e+'FXH

1+Cos[§ (e+-Fx>]

[1—\/?+ (—2+\/7) COS[1 (e+'FXH

2

Tan[i (e+-Fx)]

Cos[e+fx] |EllipticF [Ar‘csin [

],17-12~/27] +

3-2+/2

Tan[ (e+fx) ]
2EllipticPi[-3+2+/2, -ArcSin| 4 |, 17-12+2]

\3-2+2

J(_l_ﬁ+ 207 cos [ fet)]

Sec[i (e+-Fx>]2 Sec[% (e+fx)]

4

\/a (1+secle+fx]) (c+dSec[e+-Fx])2\/32\ETan[1 (e+fx)]2

Problem 150: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/a+a5ec[e+fx] (c+dsecle+fx])dx

Optimal (type 3, 66 leaves, 4 steps):
2+/a cArcTan| —Va Tanlesfx]

+J a+aSec[e+f x] 2adTan[e + fx]
+

f f/a+aSec[e+fx]

Result (type 4, 407 leaves):



54 | Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”™n.nb

1

8( <e+-Fx)]4
f (d+cCos[e+fx])

—3—2\/7)CC05[

I

7-5v2 + (10-7V2 ) Cos[t (e+Fx]] | -1+V2 - (-2+V2 ]| Cos[L (e+fx]]

1+Cos[i(e+-Fx)] 1+Cos[i<e+fx)]
[ 1 o . Tan[i(eJr-Fx)]
1-v2 + (-2++/2 ) cos[ = (e+fx)]| |EllipticF[Arcsin] ], 17-12/2 ] «
2 3-2+/2
Tan[* (e+Fx)]
2EllipticPi[-3+2+/2, -ArcSin| —* ], 17-12+/2]
3-2+/2

Sec[i (e+1°x)]2 Sec[% (e+fx)]

\/[—1—\/7+ (2+\/7) Cos[l (e+fx)]

2

(e+fx)]" +

/

H R

\/a (1+Secle+fx]) (c+dSec[e+fx]) \/BZ\ETan[

(2dCos[e+fx] \/a (1+secle+fx]) (c+dSec[e+fx]) Tan[l (e+fx)]
2

(f(d+cCosfe+fx]))

Problem 154: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+aSec[e+~Fx])3/2 (c+dSec[e+-Fx])3d1x

Optimal (type 3, 241 leaves, 6 steps):
2a%2¢3 ArcTanh[@] Tan[e + f x]
fva-aSec[e+fx] Va+aSec[e+fx]

+

2a% (6c+13d) (c+dSec[e+fx])?Tan[e+fx] 2a?(c+dSec[e+Ffx])>Tan[e+fx]
+ +

35f+/a+aSec[e+fXx] 7f+/a+aSec[e+fx]
(2a® (2 (36¢c>+243c*d+189cd*+52d>) +d (24c®+111cd+52d*) Sec[e+fx]) Tan[e+-Fx])/

(105-F\/a+aSec[e+fx} )

Result (type 4, 590 leaves):
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1

Cos[e+fx]*Sec| (e+-Fx)]3 (a (1+Sec[e+fx]))3/2 (CerSec[eJr-Fx])3

N |

f(d+cCos[e+fx])>

(i (105 c® + 525 c*d + 378 c d? + 164 d°) Sin[1 (e+fx)] +1d3Sec[e+-Fx]3Sin[1 (e+fx)]+
105 2 7 2

1
+ ——Sec[e+fXx]

1 1
21 cd?sin| = f 13d3sin| — f
C 1n[ (e+ x)] + 1n[ (e+ x)] o

2 2

1 2
— Sec[e +fx]
35

[1e>5chSin[l (e+fx)] +189cdzsin[1 (e+fx)] +52d351n[l (e+fx)]
2 2 2

4(-3-2+2) ¢ cos|

1

(e+Fx”4

AR

f(d+cCosfe+Ffx])?

7-5v2 + (10-7/2 ) Cos|

1+Cos[§ (e+FX)

(e+'FXH —1+\/?—(—2+\/7)Cos[i(e+fx”

1+Cos[§ (e+Fx)]

Cos[e+fx]?

(1—\/?+(—2+\E) Cos[1<e+fx)]

2

Tan[1 (e+fx
EllipticF [ArcSin| : ],17-122 ] +

3-24/2

Tan[i (e+fx”
\J3-2+/2

Sec[i (e+fx>]2 Sec[i (e+fx)]3

2EllipticPi[-3+2+/2, -ArcSin|

},1712\/?}]

2

\/(1\/7+ (2+ﬁ) COs[1 (e+Fx)]

(a (1+Sec[e+1‘:x]))3/2 (c+dSec[e+1‘:x})3\/3—2\/?—Tan[l (e+-FxH2
4

Problem 155: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$ec[e+fx])3/2 (c+dSecfe+fx])?dx

Optimal (type 3, 176 leaves, 5steps):

2 2 a-aSec[e+fXx]
22352 ¢ ArcTanh{:ﬁ | Tanfe + fx] +2a2 (c+dsecfe+fx])2Tanle+ fx] )
fva-aSec[e+fx] Va+aSec[e+fx] 5f+a+aSec[e+fx]

2a% (2 (6c2+25cd+9d?) +d (4c+9d) Sec[e+fx]) Tan[e+ fx]

15f+/a+aSec[e+fx]

Result (type 4, 520leaves):
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Cos[e+fx]3sec| (e+fx)]3 (a (1+Sec[e+-Fx]))3/2 (c+dSec[e+-Fx])2

N | =

L (15¢c®+50 cd +18d?) Sin|
15

N R

(e+fx)} +1d25ec[e+fx}zsin[
5

)

24(7372\5) c? Cos |

(e+Fx)]+

L secle+ fx] (mcdSin[1 (e+fx)] +9dZSin[1 (e+fx)]
15 2 2

1

BRp S NI

(-F(d+cCos[e+-Fx])2>f (eJr-I:xH4

f (d+cCos[e+fx])

7-5+/2 + (10—7ﬁ) Cos[% (e+Fx)] “1+4/2 - (—2+\/7) Cos{% (e+Fx)]

1+Cos[§(e+fx>] 1+C05[i(e+1‘x”

Cos[e+fx]?

(1—\5+(72+\5) Cos[%(ewa)]

Tan[ (e+fx
EllipticF [ArcSin[ —— |,17-12+/2] +
3-242
Tan[1 (e+fx) |
2EllipticPi[-3+2+/2, -ArcSin| : |,17-12+/2 ]
\V3-2+/2

(e+fx)]|sec| (e+-Fx>]2 Sec| (e+fx)]3

\/(1\/?+ (2+\E) COS[

NI
IS
NI

(a(1+secle+fx]))*? (c+dSec[e+1Cx})2\/3—2\/7—Tan[1 (e+1°x”2
4

Problem 156: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a$ec[e+1‘x])3’/2 (c+dsec[e+fx]) dx

Optimal (type 3, 105leaves, 5steps):

2 23/2 ¢ ArcTan [ _Va Tanfe+fx]

a+aSec[e+fx] 2a? (3C+4d) Tan[e+fx] 2ad+a+aSec[e+fx] Tan[e+fX]
+ +

f 3f+a+aSec[e+fx] 3f

Result (type 4, 460 leaves):
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Cos[e+-Fx}ZSec[l (e+fx”3 (a (1+Sec[e+-Fx}))3/2 (c+dsec[e+fx])

2
i(3c+5d)Sin[%(e+fx)]+§d5ec[e+fx} Sin[i(eJr-FxH )/<-F (d+cCos[e+fx])) -
1 4(_3_2\/?) ccos[l (e+-Fx)]4 7-54/2 + (10—7\/7) Cos{% (e+Fx)]
f(d+cCosfe+fx]) 4 1+Cos[§(e+fx”

—1+\/7— (—2+\/7) COS{% (e+'FXH

[1—\/7+ (—2+ﬁ) Cos[1 (e+fx”)

1+Cos[§(e+fx>] 2
Tan l(eJr-Fx)]
Cos[e+fx] |EllipticF[ArcSin[ —* ],17-12+/2] +
3-2+/2
Tan{l(eﬂcx)}
2EllipticPi[-3+2+/2, -ArcSin| 4 |,17-12+/2 ]
3-2/2
1 1 2 1 3
\/(—1—\/7+ (2+\/7) Cos |~ <e+fx)] Sec[~ (e+fx) | sec[= (e+1°x)]
2 4 2

2

(a (1+Sec[e+fx]))3/2 (c+dsec[e+fx]) \/32\/7Tan[1 (e+-Fx)]
4

Problem 160: Result unnecessarily involves higher level functions.

J(a+a$ec[e+1‘:x])5/2 (c+dsecle+fx])?dx

Optimal (type 3, 336 leaves, 5 steps):

7/2 -3 a-aSec[e+fx]
2a% (3c*+12c2d+12cd?+4d*) Tan[e + fx] 2a7/2 ¢ ArcTanh | NS | Tanfe « fx]
+ +
f+/a+aSec[e+fx] fi/a-aSec[e+fx] Va+aSec[e+fx]

2ad (3c?+15cd+13d?) (a-aSec[e+fx])*Tan[e+fx]

5f-+/a+aSec[e+fx]
6d> (c+2d) (a-aSecle+fx])>Tan[e+fx] 2d>(a-aSec[e+fx])*Tan[e+fx]

+ —

7f+a+aSec[e+fx] 9af+/a+asSec|e+fx]
2 (c3+12c?d+24cd*+12d%) (a®-a*Sec[e+fx]) Tan[e + fx]

3f+/a+aSec[e+fx]

Result (type 4, 665 leaves):
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1

Cos[e+fx]®Sec| (e+-Fx)]5 (a (1+Sec[e+fx]))5/2 (CerSec[eJr-Fx])3

N |

f(d+cCos[e+fx])>

1 1 1
—— (840 > +2709 c> d + 2070 c d® + 584 d*) Sin[ = (e+fx) | + — d®Sec[e + fx]*
630 2 18

Sin[1 (e+fx)] +i5ec[e+fx}3 27chSin[1 (e+fx)] +26d3Sin[l (e+fx)]
2 126 2 2

+

210

63c2c151n[1 (e+fx)] +1secdzsin[1 (e+fx)] +73d351n[1 (e+fx)]
2 2 2

Sec[e+fx]? .

iSec[e+1°x} (105c3Sin[1 (e+fx)] +882c2dSin[l (e+fx)]+
630 2 2
1<a35chSin[l (e+fx)] +292d351n[l (e+fx)] ]-
2 2

1

c2(-3-2v2] cos[* (e fx)]°

f(d+cCos[e+fx]) 4

7-5v2 + (10-7/2 ) Cos|

% (e+'FXH
1+Cos[§ (e+Fx)]

“1++/2 - (—2+\/7) Cos[% (e+fx)]

\ 1+Cos[§(e+fx)]
(lfﬁJr (72+\E) Cos[1 (e+fx)]|Cosfe+fx]*
2
Tan| > (e +Fx
EllipticF [ArcSin[ — |,17-12+/2] +
3-2+/2

Tan[al (e+-FxH

\N3-2+2

Sec|

2 E1lipticPi[-3+2+/2, -ArcSin|

},1712\/7}]

(e+-Fx>]2 Sec| (e+fx)]5

IS
N |

\/(1ﬁ+ (2037 cos[® (e

(a(1+secle+fx]))*? (c+dSec[e+1°x})3\/B—ZVT—Tan[l (e+1cx”2
4

Problem 161: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(aJraSec[eH“x])S/2 (c+dsSecfe+fx])?dx

Optimal (type 3, 258 leaves, 5steps):
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7/2 ~2 a-aSec[e+fXx]
2a® (c+2d) (3c+2d) Tan[e+ fx] 2a’/2 c? ArcTanh | NS ] Tan[e + £ x]

+ +

f+/a+aSec[e+fx] fva-aSec[e+fx] Va+aSec[e+fx]

2ad (2c+5d) (a—aSec[e+Fx])2Tan[e+-Fx] 2 d? (afaSec[e+-Fx])3Tan[e+-Fx]

5f+a+aSec[e+fx] 7f+/a+aSec[e+fx]
2 (c2+8cd+8d?) (a®-a’Sec[e+fx]) Tan[e+fx]

3f+a+aSec[e+fx]

Result (type 4, 577 leaves):
1

(:os[e+1‘=x]4Sec[1 (e+fx)]5 (a(1+secle+fx]))*? (c+dSec[e+fx])?
f(d+cCos[e+fx])? 2

1 (146 c*+ 301 cd + 115 d?) Sin{l (e+fx)] +ld25ec[e+-|:x]3sin[l (e+fx)]+
105 2 14 2

1 2
— Sec[e +fx]
35

7cdSin[E (e+-FxH +10dZSin[l <e+fx)] +
2 2

iSec[e+1:x1 (BSCZSin{E (e+fx)] +196cdSin[E (e+fx)] +115dZSin[l (e+fx”)] -
210 2 2 2

1

S 2 (—3—2\/7> CZCOS[l (e+1°x”4

f(d+cCosle+fx]) 4

7-52 + (1072 ) Cos|

1+Cos[§ (e+fX)

(e+fx)} —1+\/?—(—2+\E)Cos[i(e+wcx”

1+Cos[% (e+Fx)]

(1—\/7+(—2+\/?) Cos[1<e+fx)]

Cos[e+fx]3
2

Tan[ > (e+fX) |

1
4 |,17-122 ] +
3-242

[EllipticF [Ar‘cSin [

Tan[4l (e+Fx)]

2E1llipticPi[-3+2+/2, -ArcSin|

},17-12ﬁ}]
3-242

Sec[41 (e+-Fx>]2 Sec[% (e+fx)]5

2

\/(_1_ﬁ+ (2447 cos[ L (e ex)]

2

(a(1+secle+fx]))*? (c+dSec[e+Fx})2\/S—Zﬁ—Tan[ (e+Fx)]

R

Problem 162: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+a5ec[e+¥x])5/2 (c+dsec[e+fx]) dx
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Optimal (type 3, 142leaves, 6 steps):

2252 ¢ ArcTan [ _Va Tanfe+fx]
araSec[e+f x] 2a3 (35c+32d) Tan[e + f x]

+ +

f 15f+/a+aSec[e+fx]

2a? (5c+8d)"/araSec[e+fx] Tan[e+fx] 2ad(a+aSec[e+fx])’*Tan[e+fx]
+

15 f 5f

Result (type 4, 501 leaves):

Cos[e+1“x135ec[1 (e+fx)}5 (a (1+Sec[e+fx]))>? (c+dSecle+fx])
2

1
— (40c+43d) Sin|
30

N | R

(e+fx)] +idSec[e+-Fx]ZSin[
10

N |

(e+'FX)] +

)]/(f(mccos[ewx])y

1 1 1
— Sec[e + fX] (Scsin[— (e+fx)] +14dsin[ =~ (e+fx)]
30 2 2

1 1

et ) 7-5v2 + (10-72 ) Cos[ (e+Fx)]

4 1+Cos[i(e+fx”

—3—2\/7)cCos[

2
f(d+cCos[e+fx])

71+\/?7 (72+\/?) COS[% (e+'FXH

1+Cos[% (e+Fx)]

[1—\/?+ (—2+\/7) COS[1 (e+fx”

2

Tan[“l (e+-FxH

|,17-12~/2] +

Cos[e +f x]? [EllipticF [ArcSin|
3-2+/2

Tan[ (e+fx) ]
2EllipticPi[-3+2+2, -ArcSin[ — |,17-12+/2 ]

3-24/2

Sec[41 (e+-Fx>]2 Sec[% (e+fx)]5

\/(_1_ﬁ+ (247 cos[ 2 (e ex)]

2

(e+-Fx)]2

FNQUPN

(a(1+secle+fx]))*? (c+dSecle+fx]) \/32\5Tan[

Problem 170: Result more than twice size of optimal antiderivative.

1

dx

J\/a+aSec[e+1°x} (c+dsecle+fx])?

Optimal (type 3, 416 leaves, 12 steps):
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2+/a ArcTanh| a'aS\ecﬁ[&”] | Tan[e + f x] ﬁﬁArcTanh[@
a

) VT T
(c—d)z-F\/a—aSec[eH‘x} va+aSec[e+fx]

| Tan[e + fx]

+

c2f+/a-aSec[e+fx] Va+aSec[e+fx]

NEE +
\Hd”zAr‘cTanh[\H j;se:[: fx] | Tan[e + f x]

¢ (c-d) (c+d)3/2f\/a—a5ec[e+Fx] Va+aSecle+ fx]

+

NES +
2+/a (2¢-d) d3/2Ar'cTanh[ﬁ \/ajsec[de fx]
a \/C+

2 (c—d)zx/c+d fia-aSec[e+fx] Va+aSec[e+fx]

| Tan[e +fx]

+

d> Tan[e + f x]

c(c?-d?) f/a+asecle+fx] (c+dSecle+fx])

Result (type 3, 2477 leaves):

Cos[1 (e+fx)] (d+cCosle+fx])?secle+fx]>
2

ZdZSinE (e+Fx)]

2d3Sin[§<e+fx)]
e (-c+d) (c+d) : J]/

c? (-c+d) (c+d) (d+cCos[e+fx])

(-F\/a (1+secle+fx]) (c+dSec[e+fx1)2)— Cos[ = (e+fx) | (d+cCos[e+1‘x])2

N |

2+/2 d¥? (5¢2+cd-2d?) ArcTan| Y Tan]; (er o]

N ocod | - Coslefx]

1+Cos[e+fx]|

T (e
NErrar

Log{Sec[% (e+-Fx>]2

Cos[e + fXx]
-1+2Cos[e+fx] -2 |[-————

Sinf[e + f x]
1+Cosfe+fx]

|+vZ

(c?-d?) Log[Sec{% (e+1cx)]2

Sinfe+fx] ||+

Cos[e+ fX]
-1+2Cos(e+fx]+2 |-———
1+ Cos[e+fx]

4c? (c+d) Log[TanE (e+fx)] +\/—1+Tanu (e+-FxH2]

c-d
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dSec[i (e+-FxH
(-c+d) (c+d) (d+cCos[e+fx]) Sec[e+fx]

dZSecE (e+Fx)]

+

2c (-c+d) (c+d) (d+cCos[e+fx])VSec[e+fx]

cSec[i(e+fx)]\/Sec[e+fx} cCos |2 (e+fx)]5ec[i(e+Fx)]\/Sec[e+Fx]
2 (-c+d) (c+d) (d+cCos[e+fx])7 2 (-c+d) (c+d) (d+cCosl[e+fx]) :

d?Cos[2 (e+fx) | Sec{i (e+Fx)]sec[e+fx]

2c (-c+d) (c+d) (d+cCos[e+fx])

2

N

Sec[e+Fx15/2\/Cos[l(e+1°x)]2$ec[e+fx] \/—1+Tan[l(e+fx)]2/

2¢? (c-d) (c+d)-F\/a (1+Sec[e+fx]) (c+dSecle+fx])?

1

4c? (c-d) (c+d) \/—1+Tan[§ (e+foz

\/diTanH— (e+fx)]

2+/2 d3/? (5c2+cd-2d?) ArcTan|
Narary  Cose+fx]
1+Cos[erf x| _\/? (cz ~ dz)

\/ﬁ(c—d)

Log[Sec[ Cos[e + f x]

N |

2
(e+fx)] {1+2Cos[e+1‘x] 2\/

—_— Sin[e+-Fx]J} +
1+ Cos[e+fx]

V2 (e -d?) Log[Sec[i (e+fx)]

2 Cos[e + f X] .
-1+2Cos[e+fx]+2 |-——— Sin[e+
1+ Cosfe+fx]
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f x] ]+

Cij4c2 (c+d) Log[Tan[% (e+fx)] +\/1+Tan[§ (e+fx)]2}

Sec[% (e+Fx)}2\/Cos[§ <e+fx)]25ec[e+1:x] Tan[% (e+fx)] -

1

2¢ (c-d) (c+d) \/Cos{;(eﬂcxﬂzsec[eﬂcxl \/—1+Tan[;(e+fx>}2

- |2 (c®-d?) cos| (e+-FxH2

N |

1 2 Cos[e+fx] X
Sec[~ (e+fx)| |-2Cos[e+fx] [-———————— -2Sin[e+fx] -
2 1+Cosfe+fx]

Sinfe + f x] (7Cos[e+fx1 Sinfe+fx] , _Sin[e:fx] )
(1+Cos[e+fx])? 1+Cos[e+f x]

+Sec[l (e+-Fx>]2
Cos[e+fx 2

1+Cos[e+f x]

Tan{l(erFxH /

2

Cos[e + fx] X
-1+2Cos[e+fx] -2 |-———— Sin[e+fXx]
1+Cos[e+fx]

V2 (-

Cos[e+fXx] .
-1+2Cos[e+fx] -2 |-— Sin[e+ fx]
1+Cosfe+fXx]

Cos[e + f x]

Cos| (e+fx”2 Sec| (e+FxH2 2Cos[e+fx]\/25in[

N |
N |

1+ Cosfe+fx]
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Sinfe + f x] (7 Cosle+fx] Sin[esfx] . _Sin[e+fx] )
(1+Cos[e+f x])? 1+Cos [e+f x]

+Sec{§ (e+-FxH2

e+fx]+
Cos[e+fx

B 1+Cos[e+f Xx]

Tan|

(e+fx)] /

N |

Cos[e + fx] X
-1+2Cos[e+fx]+2 |-———— Sin[e+fXx]
1+Cos[e+fx]

Cos[e+fx
{—1+2Cos[e+fx]+2\/—# Sinfe+fx] |+ |22 d¥?2 (5¢c*+cd-2d?)

1+Cosfe+fx]

\/?Sec[% (e+-FxH2

Cos[e+fx] Sin[e + fX] Sin[e + fx]
- +

(1+Cos[e+fx])? 1+Cosfe+fx]

_[\/?

zm _ _Cosfe+fx

1+Cos[e+f Xx]

Tan[% (e+fx)]

Nl|%

/(zm (_ Cos[e + fXx]

1+Cosfe+fx]

{m (c-d) [1

d (1+Cos[e+fx])Sec[e+fx] Tan[% (e+fx>]2]]
+
-c-d

Sec[%(e+FxH2Tan[i(e+fx)] /

2\/1+Tan[; (e+fx)]°

4c (c+d) lSec[1 (e+-Fx)]2+
2 2

[<cd>

4c? (c-d) (c+d) \/Cos[; (e+FxHZSec[e+-Fx1
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1
2+/2 d32 (5c2+cd-2d?) ArcTan | v Tan erf 0]

Vocd _ Cos[e+fx]
1+Cos [e+f x| —\/? (C2—d2>
V-c-d (c-d)

Log[Sec[% (e+fx)]

|+

2 Cos[e + fXx] .
-1+2Cos[e+fx] -2 |-—— Sin[e + fXx]
1+Cosfe+fx]

2 (cz—d2> Log[Sec[l (e+fx”

2 Cos[e + fx] .
-1+2Cos[e+fx]+2 |-—— Sin]
2

1+ Cos[e+fx]

= 4c (c+d) Log[Tan[1 (e+fx)] +\/1+Tan[1 (e+fx”2]

e+ fx] }Jr
c-d 2 2

7Cos[1 (e+fx)]secie+fx] Sin[1 (e+fx)]+
2 2

\/1+Tan[§ <e+fx)]2

2
Cos[~ (e+fx)| secle+fx] Tan[e +fx]

N |

Problem 171: Result more than twice size of optimal antiderivative.

1

dx

J\/aJraSec[eJrfx} (c+dsecle+fx])?

Optimal (type 3, 653 leaves, 16 steps):
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2+/a ArcTanh| a'aS\ecﬁ[&”] | Tan[e + f x] V2 /a ArcTanh| a-ajfc\[/e;fx]
a 2 a

c3f+/a-aSec[e+fx] Va+aSec[e+fx] (c—d)3-F\/a—aSec[e+fx1 va+aSec[e+fx]

| Tan[e + fx]

+

3+/a d3¥2ArcTanh Vd yJa-asec(erfx)
[ \/?\/ c+d

4c(c-d) (c+d)5/2f\/a—a5ec[e+1‘x] Ja+aSecle+ fx]

]Tan[e+-Fx}

+

\/d /a-aSec[e+fx]
2c-d) d*2ArcTanh
Va (2c-d) rcTanh | —

2 (c—d)2 (c+d)3/2F\/a—aSec[e+fx] ~Ja+aSec[e+ fx]

| Tan[e + fx]

+

\/d +/a-aSec[e+fx]
2+/a d¥2 (3c2-3cd+d?) ArcTanh| Nl

3 (c-d)’c+d f/a-asSec[e+fx] Ja+raSec[e+fx]

| Tanfe + fx]

+

d? Tan[e + f x]

+

2c(c2-d?) f/a+aSec[e+fx] (c+dSec[e+fx])?
3d?Tan[e + f x]

+

4c(c-d) (c+d)*f~/araSec[e+fx] (c+dSecle+fx])
(2c-d) d*Tan[e+ fx]

c? (c—d)2 (c+d) f/a+aSec[e+fx] (c+dsec[e+fx])
Result (type 3, 2940 leaves):
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V2 d*% (35c*+14cd-21c2d? -4 cd® + 8d*) ArcTan| 2 )

1/

_Cosfe+fx]
“c_d ~ _Cosfe+fx
1+Cos[e+f x]

(Voed (c-d)} 22 (-2
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\/?Sec[% (eJr-I:xH2

Cos[e+fx] Sin[e + fX] Sin[e + fx]

N
(1+Cos[e+fx])? 1+Cosle+fx]

_[ﬁ_

zm _ _Cosfe+fx

1+Cos[e+f Xx]

Tan[% (e+fx) |

et

1+Cos[e+fx

d (1+Cosfe+fx]) Sec[e+fx] Tan[% (e+fx)]

-c-d

{m (c-d) [1

|

/

Sec[% (e+fx”2Tan[§ (e+Fx)]

2\/1+Tan[i (e+fx)]°

] _

8 ¢c3 (c+d)2 lSec[1 (e+fx)]2+
2 2

Tan{i (e +Fx)] +\/—1+Tan[l (e“cX)]z

2

{(Cd)

1

8c? (c-d)? (c+d)2\/Cos[; (e+fx)]25ec[e+fx]

\/7Tan (e +Fx)

V2 d¥2 (35c*+14c3d-21c?d? -4 cd®+ 8d*) ArcTan|
\/T _Cos[e+fx]

1+Cos [e+f Xx]

[V=c=d (c-d)} -2+2 (c2-d?)* Log[sec[ [e+Fx)]’

N |

[ +242 (c2-d?)?

Cos[e + f x] .
-1+2Cos[e+fx] -2 |-——— Sin[e+ fx]
1+ Cosfe+fx]

Log|[Sec]|

N |

(e+'FXH

|+

2 Cos[e + fx] .
~1+2Cos[e+fx]+2 |[-———————— Sin[e+fx]
1+Cosfe+fx]
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c-d

8 c3 (c+d)2Log[Tan[§ (e+Fx)] +\/—1+Tan[§ (e+fx”2]

\/—1+Tan[% <e+fx)]2 —Cos[% (e+fx)]secie+fx] Sin[% (e+fx)]+

1 2
Cos[; (e+fx)] Sec[e+fx] Tan[e+fx]

Problem 175: Result more than twice size of optimal antiderivative.
1

dx
J(a+a5ec[e+fx])3/2 (c+dSec[e+fx])

Optimal (type 3, 394 leaves, 12 steps):
Tan[e + f X]
- +

2a(c-d)f(1+Secle+fx])~/a+aSec[e+fx]
2Ar‘cTanh[@] Tan[e + f x]
\E —_
Va cf/a-aSec[e+fx] Va+aSec[e+fx]

- o
V2 (c-2d) ArcTanh| aaécje? X | Tan[e + f x] )

Va (c-d)*f+a-asec[e+fx] Va+aSec[e+fx]

a-aSec[e+fXx]

V2 +/a
2+/2 Va (c-d) fJa-asSec[e+fx] a+aSec[e+fx]

ArcTanh | | Tan[e + fx]

NS +
2d°/? Ar‘cTanh[\/‘T j;se:[: fx] } Tan[e + f x]

“a ¢ (c—d>2\/C+d f/a-aSec[e+fx] Va+aSec[e+fx]

Result (type 3, 1574 leaves):

Cos| (e+fx)]3 (d+cCosfe+fx])

N |

ZSin[i (e+fx)] Sec[i (e+fx)] Tan[i (e+fx)]

Sec[e+fx]3

/

-c+d -c+d

(f (a (1+secle+fx]))>? (c+dSec[e+-Fx])) +
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Tan[2 (e+fx)]

N-c-d |-c (5c—9d)Ar‘cSin[Tan[1 <e+-Fx)H +4~/2 (c—d)zAr‘cTan[
2 Cos[e+f x

1+Cos[e+f x]

\/?Tan[i (e+-Fx)]

4~/2 d*2ArcTanh| || cos| (e+1“x”3

N |

-c-d _Cosfe+fx]

1+Cos[e+f x]

cSec[% (e+-Fx)]

2 (-c+d) (d+cCos[e+fx]) VSec[e+Fx]

1+Cosf[e+fx]

Cos[e + fX]
R (d+cCos[e+fx])

2dSec[§(e+fx)] 7cSec[§(e+fo\/Sec[e+fx} )
(-c+d) (d+cCosfe+fx])/Sec[e+fx] (-c+d) (d+cCos[e+fx])
3dSec[i(e+fx)]\/5ec[e+fx] c Cos[2 (e+fx”5ec[§(e+fx”\/5ec[e+fx]
2 (-c+d) (d+cCos[e+fx]) ) (-c+d) (d+cCos[e+fx]) :

dCos[2 (e+fx)] Sec[i (e+fx)]~/sec[e+Fx]

(-c+d) (d+cCos[e+fx])

Sec[e+fx]*2+/1+Sec[e+fx] /

cV-c-d (c-d)*f(a(1+Sec[e+fx]))>? (c+dSece+fx])

V-c-d |-c (5c—9d)Ar‘cSin[Tan[l (e+fx)]] +4~2 (c—d)zAr‘cTan[

2

Tan|[ Y (e+ fx \Jd Tan[Y (e+ fx
il H} +4+/2 d*2 ArcTanh| | )| ]
_Cos[e+fx] e _qgq | _Cosfesfx]
1+ZcSJs?e+‘:x] mC- d 1+z25e[e+:x]

Cos[e+fx] Sin[e + fx] Sinfe + fx]

v1+Sec[e+fx]

/

(1+Cos[e+1cx})2 1+ Cos[e+fx]
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{zcﬂ/cd (cd>2\/C05[e+'Fx]

1+Cosfe+fx]

+ \/M\/1+Sec[e+fx] 4\5

1+Cos[e+fx]

1 2
d5/2 HSGC[;(E#XH [\H Cos[e+fx] Sin[e + fx] Sinfe + f x]
1+Cos[e+fx])? 1+Cos[e+fx]
N Cos[e+f x] (
2 c-d 1+Cos[e+f x]
1 Cos[e+fx 3/2
Tan[ = (e+fx) | /[2m _Cos[e+Tx] ] /
2 1+Cosle+fx]

[ d(1+Cos[e+fx1)Sec[e+-Fx]Tan[%<e+fx)]2
1-

.
-c-d
c(5c—9d)Sec:[l(e+1‘xH2
Voc-d |- 2 + (42 (c-d)?
2\/1—Tan[%(e+fx)]2
sl feorl” [ i eon) ||

2 ( Cos[e+f x )3/2

_Cosfe+fx]
Cos[e+fx 1+Cos [e+f X]

1+Cos [e+f Xx]

[1+ (1+Cosfe+fx]) Sec[e+fx] Tan[l (e+-FxH2] /(cm (c—d)z) +

2

V-c-d |-c(5¢-9d) Ar'cSin[Tan[l (e+Fx)]] +4+2 (cfd)ZAr'cTan[

2

Tan[i (e+Fx)]

\/?Tan[i (e+Fx)]

|| +4+/2 d*2ArcTanh |
Cos[e+fx m Cos[e+fx

1+Cos[e+f Xx] 1+Cos[e+f x]
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1+Cosfe+fx]

\/M Sec[e+fx] Tan[e + fx] /(ZC\/—C—d (c—d)2

v1+Sec[e+fx] )

Problem 176: Result more than twice size of optimal antiderivative.

1
dx
J(a+aSec[e+1‘:x])3/2 (c+dSec[e+fx])?

Optimal (type 3, 560 leaves, 15 steps):

Tan[e + f x]
- +

2a(c-d)*f (1+Sec[e+fx])/a+aSec[e+fx]

a-aSec[e+fx]

va
Va c2f+a-asecle+fx] Ja+aSec[e+Fx]

2 ArcTanh| | Tan[e + f x]

B N
N2 (c-3d) ArcTanh | 2 a\;cv[e: X | Tan[e + fx]

Va (c-d)’f+/a-aSec[e+fx] Va+aSec[e+fx]
Ar‘cTanh{@] Tan[e + f x]
V2 Wa
Z\Eﬁ(c—d)zf\/a—aSec[eﬂcx} va+aSec[e+fx]

A/ a- +
d°/? Ar‘cTanh[\H jjsec[: fx] ] Tan[e + f x]
a \/Cc+

Va c(c-d)? (c+d)*?fva-asSecle+fx] Ja+aSec[e+fx]

- +
2 (3¢-d) d°2 ArcTanh[ Y& —— L] Tan[e + f x]
a \C+

Va c? (c—d)B\/c+d fia-aSec[e+fx] Va+aSec[e+fx]

d®Tan[e + f x]

ac (cfd)2 (c+d) f/a+aSec[e+fx] (c+dsec[e+fx])

Result (type 3, 2118 leaves):

R 2 (c2+c2d+2d?) sin[> (e+fx) |
(e+fx)]| (d+cCos[e+fx])*Sec[e+Ffx]* |- 2 +

cos| c? (—c+d)2<c+d)

N |
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4d4Sin[i(e+fx)] Sec[i(e+fx”Tan[§(e+fx)]

cz(—c+d>2<c+d) (d+cCos[e+fx})+ <—c+d)2 ]]/

(f (a (1+secle+fx]))>? (c+dSec[e+-Fx])2) w | (-c-d)??

(e+fx)H +4~2 (c—d)3Ar‘cTan[Tan[i (e+'FXH} +

Cos[e+fx

1+Cos[e+f X]

-c? (5¢c-13d) ArcSin[Tan|

N |

\/?Tan[i (e+Fx)]

2+/2 d52 (-7c*-3cd+2d?) ArcTanh |

m Cos[e+fx

1+Cos [e+f x]

Cos | (e*‘cx)]z

1
2

N |

(e+fx)]3 <d+cCos[e+-Fx})2\/Cos[eﬂcx] Sec|

) czsec[%(eﬂcx)} )
2(—c+d)2 (c+d) (d+cCos[e+fx])VSec[e+fx]
3cdSec[i(e+Fx)]
2(—c+d)2 (c+d) (d+cCos[e+fx]) VSec[e+fx]
4d25ec[§(e+fx”
(-c+d)? (c+d) (d+cCosl[e+fx])/Sec[e+fx]
d3SecE(e+fo
c (—c+d)2 (c+d) (d+cCos[e+fx])VSec[e+fx]
CZSec[i(e+fx”x/5ec[e+fx] 3cdSec[i(e+fx)]x/5ec[e+fx}

+

+

+

<7C+d)2 (C+d> (d+CCOS[e+'FX]) 2 (7C+d>2 <C+d> <d+CCOS[e+'FX}>
> (e+fx) ] Vsec[e+fx] c2Cos[2 (e+fx) ] Sec[% (e+fx)]~/secle+fx]

+ —

2 (—c+d)2 (c+d) (d+cCos[e+fx]) (—c+d)2 (c+d) (d+cCos[e+fx])

cdCos[2 (e+fx)] Sec[i (e+Fx)]sec[e+Fx]

B»dZSec[2

(7C+d>2 (C+d) <d+CCOS[e+'FX}>
d?Cos[2 (e+fx) | Sec[i (e+fx)]~/sec[e+Fx]

(—c+d)2 (c+d) (d+cCos[e+fx])

+
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d*Cos[2 (e+fX) ] Sec{% (e+Fx)]sec[e+fx]

c(-c+d)? (c+d) (d+cCosfe+fx])

(e+Fx)]ZSec[e+fx] /

Sec[e+Fx17/2\/Cos{

N |

¢ (-c-d)*? (c-d)*f (a(1+Sec[e+Ffx]))>? (c+dSecle+Ffx])?

1 1
—c-d)*¥?|-c? (5¢c-13d) ArcSin[Tan|[ = (e+ fx +
v e g e e m g wesinfmml e 6]
Tan[ > (e+fx)]
4\/7<c—d)3Ar‘cTan[ 2 RE
Cos[e+fx
1+Cos [e+f x]
Vd Tan[% (e+fx) ]|
2\/7d5/2<—7c2—3cd+2d2) Ar‘cTanh[ 2
/ C +f
-c-d 1+225Te+;x]
1 2 1 2 372
\/Cos[e+fx} Sec[~ (e+fx) | Cos[;(e+fx” Sec[e + f x]
2
1 2 . 1 2 1
7Sec[£(e+fx)] Sin[e+fx] +Cos[e +fx] Sec[g(e+fx)] Tan[;(em‘x” +

1 2 1 2
\/COS[E+'FX] Sec[ =~ (e+fX) ] \/Cos[— (e+fx) ]| sec[e+fx]

2 2

\/d_Sec[i (e+fx)}2

22 d*% (-7c2-3cd+2d?) -
zm Cosfe+fx

1+Cos[e+f x]
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Cos[e+fx] Sin[e + fx] Sinf[e + fx] 1
\d - Tan|— (e+fx /
[ (1+COS[E+'FX}>2 1+Cos[e+fx] [2( ' H
3/2
[Zm Cos[e + fx] ) /
1+Cosfe+fx]
. d(1+Cos[e+fx})Sec[e+fx]Tan[§<e+fx)]2
- +
-c-d
2 (5c—13d)$ec[l(e+fx)]2
(cod)>2 |- 2 o avz (c-a)?
ZJlTan[i(emcx)]z
el (o000 ! (SR - SBES rld feo)|
costentxi 2 [

1+Cos[e+f x]

[1+(1+Cos[e+fx])Sec[e+fx}Tan[£(e+1°x”2) /
2

1

(¢ (-c-d)*? (c-d)?] +

2¢2 (-c-d)*? (c—d)S\/Cos[f (e+-Fx)]ZSec[e+-Fx]

(-c-d)*?|-c (5c—13d)Ar‘cSin[Tan{% (e+fx)]]+

4-/2 <c—d)g’Ar‘cTan[Tan[i (e+-FX)]} +

Cos[e+f x
1+Cos [e+f X]
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\/?Tan[i (e+Fx)]

2+/2 d5/2 (-7c*-3cd+2d?) ArcTanh |

\/Cos[eﬂcx} Sec|

Cos |

m Cosfe+fx

1+Cos[e+f x]

(eJr-FxH2 -Cos[~ (e+fx)]|Secle+fx]Sin[~ (e+Ffx)]+

N | R
N | R
N R

1 2
= (e+Fx)] Sec[e+fx]Tan[e+~Fx])
2

Problem 177: Result more than twice size of optimal antiderivative.

1
dx
J(a+a5ec[e+1‘:x])3/2 (c+dsecle+fx])?

Optimal (type 3, 802 leaves, 19 steps):
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Tan[e + f x]
- +

2a (c-d)’f (1+Sec[e+fx])Va+aSec[e+fx]

a-aSec[e+fx]

vz
Va 3fa-asecle+fx] Va+aSec[e+Fx]

2 ArcTanh| | Tan[e + f x]

a-aSec[e+fx]

V2 a
\/?(c—d)AF\/a—aSec[eJrfx} va+aSec[e+ fx]
ArcTanh{@] Tan[e + f x]
V2 \a
2\/?\/?(C—d)3f\/a—a5ec[e+1cx} va+aSec[e+ fx]

N2 (c-4d) ArcTanh| | Tan[e + f x]

NER +
3 d5/2 Ar‘cTanh[ﬁ \/a;seccfde ] | Tanfe + £ x]

4+/a c(c-d)? (c+d)**f~/a-aSec[e+fx] Va+aSec[e+fx]

NES +
(3c-d) dS/ZAr‘cTanh[\/F a-asec(e+fx] | Tan[e + f x]
ﬁ\/md

Va 2 (c-d)? (c+d)>*f/a-aSec[e+fx] Va+aSec[e+fx]

NES +
2d2 (6c?-4cd+d?) Ar‘cTanh{ﬁ a-asecle+fx] | Tan[e + f x]
\E\/(Hd

Va c3 (c-d)*~c+d fVa-asSecle+fx] /a+aSec[e+fx]

d®Tan[e + f x]

2ac (c—d)2 (c+d) f/a+aSec[e+fx] (c+dSec[e+1‘x])2
(3c-d) d®Tan[e+fx]

ac? (c—d)3 (c+d) fJa+aSec[e+fx] (c+dSec[e+fx])

3d3Tan[e + f x]

4ac(cz—dz)zf\/a+a5ec[e+fx} (c+dsecfe+fx])
Result (type 3, 2632 leaves):

Cos| (e+fx>]3 (d+cCos[e+-Fx])3Sec[e+-Fx}5

N |

N |

(e+-Fx>]

[(((2c54c4d2c3d217c2d35cd4+6d5) Sin|

3 3 2 2d°sin[L (e+fx)]
(c <—c+d) (C+d> ))C3<_C+d>2(c+d> (d+CCos[le'FX])2+

(e+fx)] +8dssin[1 (e+fx)]

[—19c2d“Sin[1 (e+fx” -5cd®sin|
2 2

N | =

/
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Sec[i (e+Fx)] Tan[i (e+Fx)]

3 (-c+d)® (c+d)? (d+cCos[e+fx])]| -
¢ eva) fero)t ] o
(-F(a (1+Secle+fx]))>? (c+dSec[e+-Fx])3)—

2¢ (5¢-17d) (c +d)2Ar‘cSin[Tan{

(e x)]] -

N |

8\/7(C—d)4(c+d)2Ar'cTan[Tan[i<e+fX)] - !

Cos[e+fx V_C_d

1+Cos[e+f x]

\/?Tan[i (e+Fx)]

V2 d*? (63c*+54c?d-17c?d’ - 12 cd® + 8d*) ArcTanh]|

Cos |

N |

(e+Fx)]3 <d+cCos[e+-Fx})3\/Cos[eﬁ:x] Sec[1
2

c3Sec[§ (e+fx)]

2 (7c+d)3 (c+d)2 (d+cCos[e+fx])/Sec[e+fx]

czdSec[i (e+fx)]

<7c+d)3 (c+d)2 (d+cCosfe+fx])/Sec[e+fx]
19chSec[§ (e+fx”

2 (-c+d)? (c+d)? (d+cCos[e+fx])/Sec[e+fx]
33d3Sec[i (e+Fx)]

4 (—c+d)3 (c+d)2 (d+cCos[e+fx]) Sec[e+fx]
3d4Sec[§ (e+Fx)]

+

4c (7c+d)3 (c+d)2 (d+cCos[e+fx])/Sec[e+fx]
dSSec[i (e+Fx)]

c? (—c+d>3 <c+d)2 (d+cCos[e+fx])/Sec[e+fx]

C3Sec[§ (e+fx)]~/sec[e+Fx] 3c2dSec[i (e+fx)]~/sec[e+Fx]

(e+-Fx)]2

+

(—c+d)3 (c+d)2 (d+cCosfe+fx]) 2 (—c+d)3 (c+d)2 (d+cCosfe+fx])

3chSec[§ (e+Fx)]sec[e+fx] 9d3Sec[§ (e+Fx)]sec[e+Fx]

+

<7C+d)3 (C+d>2 (d+cCOS[e+'FX]) 4 <7C+d)3 (c+d)2 (d+CCOS[e+'FX])

|/
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d“Sec[i (e+-FxH vSecle+fx]
ac(-cid)?(crd)?(dscCosfesfx])
c3Cos[2 (e+fx)] Sec{% (e+fx)]~/sec[e+fx]
(-c+d)? (c+d)? (d+cCos[e+Ffx])
c?dCos 2 (e+-Fx)] Sec[i (e+FxH vSecle+fx]
(7C+d>3 (C+d)2 (d+CCOS[e+'FX])

2cd?Cos[2 (e+fx)] Sec[% (e+fx)]~/sec[e+fx]

+

+

c+d)® (c+d)? (d+cCosfe+fx])
(e+-FxH vSecle+fx]

2d3Cos[(2 (e+fx)]sec|
?(d+cCos[e+fx])
(
(

e+fx)]~/secle+fx]

d+cCosf[e+fx])

+

e+fx)]|~/secle+Ffx]

d+cCos[e+fx])

2¢* (c-d)* (c+d)?f (a(1+Secle+Fx]))>? (c+dSec[e+fx])>

1 3 2 . 1
_4c3 PEPTYE 2¢® (5¢-17d) (c+d) Ar‘cSm[Tan[2 (e+fx)]]-

. , Tan[i(eJrFx” 1
82 (c—d) (c+d) Ar‘cTan[ } -
Cosle+f x] V’c’d

1+Cos[e+f Xx]

\HTan[i (e+Fx”

V2 d*/? (63 c*+54c3d-17 c2d* - 12 cd® + 8d*) ArcTanh|

m Cos[e+f x]

1+Cos [e+f X]
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3/2

1 2 1 2
\/Cos[e+fx] Sec[~ (e+fx) | (Cos[—(e+fx)] Sec[e + f X]
2 2

-Sec| (e+-FxHZSin[e+Fx1+Cos[e+Fx]Sec[ (e+fo2Tan[ (e+fx)]|-

N |

N |
N |

1 2 1 2
\/Cos[em‘:x] Sec[~ (e+fXx) | \/Cos[— (e+fx) ]| sec[e+fx]

2 2

¢ (5¢c-174d) (c+d)25ec[i(e+fx)]2 Sec[l(eﬂfx”2

- 1832 (c-d)* (c+d)? 2 -

\/1—Tan[i(e+fx”2 2 1?%:[;%(7

(COS[e#FX] Sin[e+fx] _ _Sin[e+fx] ) Tan[l (e + f x) }
(1+Cos[e+f x])? 1+Cos[e+f x] 2

/(1+(1+Cos[e+fx})5ec[
2( Cos[e+fx )3/2

1+Cos[e+f x]

e+fx] Tan[1 (e+-Fx)]2J - |2 d52 (63c4+54c3d—17c2d2—12cd3+8d4)
2

1 2
\/?Sec[;<e+fx)] [\/? Cos[e+fx] Sinfe +fx] Sinfe + f x]
1+Cos[e+Fx])2 1+ Cosfe+fx]
[~ _ Cos[e+f x (

2 c-d 1+Cos[e+f Xx]

1 Cos[e+fx 3/2
Tan[ = (e+fx) | /[Zx/—c—d _Cosfextx] ] /

2 1+Cosfe+fXx]

d (1+Cosfe+fx]) Sec[e+fx] Tan[i (e+FxH2
1-

[m
-c-d

I/

1

<2c3 (c—d)4 (c+d)2) -

4¢3 (c-d)* (c+d)2\/Cos[§ (e+fx)]25ec[e+fx]
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2¢* (5¢-174d) (c+d)2Ar‘cSin[Tan[§ (e+fx)]] -

. , Tan[i(ewa)] 1
82 (c-d)* (c+d) ArcTan | ] -
Cos[e+fx Vfcfd

1+Cos[e+f x]

\ETan[i <e+-Fx)]

A2 d572 (63c*+54c>d-17c?d? - 12 cd® + 8d*) ArcTanh]|

m Cos[e+fx

1+Cos[e+f X]

—Cos[l (e+fx)]secie+fx] Sin[1 (e+fx)]+
2 2

\/Cos[eﬂcx} Sec[l (e+-FxH2

2

1 2
Cos[ = (e+fx) | Sec[e+-Fx]Tan[e+-Fx])
2

Problem 180: Result more than twice size of optimal antiderivative.

J c+dSec[e+fx] dx

a+aSec[e+fx])>?

Optimal (type 3, 164 leaves, 7 steps):

chchan[M} (43C—3d) Ar‘cTan[ a Tanle+fx] ]
a+a Sec[e+f x] \E\/m

a2 f 162 a%/2 f

(c-d) Tan[e + fx] (11c-3d) Tan[e + fx]

4f <a+aSec[e+-Fx}>5/2 16af (a+aSec[e+1‘x])3/2

Result (type 3, 343 leaves):
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(e+Fx)]] +32\/7cAr‘c:Tan[Tan[i <e+fX)]] Cos |

Cos[e+fx
1+Cos[e+f x]

(e+-Fx)]4

N =

(-43c+3d) ArcSin [Tan[

N |

C f
MSec[e+-Fx]3/2\/1+Sec[e+fx} (c+dSec[e+fx})/
1+ Cos[e+fXx]

4f (d+cCosle+fx]) \/Sec[l (e+1cx)}2 (a (1+Sec[e+fx}))5/2J +
2

(e+'FX)] +

N |

(Cos[ (e+1‘:x)]55ec[e+1‘:x]2 (c+dsecle+fx]) (l (-15¢c+7d) sin|
2

(eJr-I:x)]2 (19csin[§ (e+-Fx)] -11dSin]|

(e+fx”)

(e+fx)}) +

|/

N |

<e+-Fx)] +dSin|

(e+fx)]4(—csin[ %

— N RN R

1
2
(f (d+cCos[e+fx]) (a <1+SeC[e+fx]))5/2>
Problem 181: Result more than twice size of optimal antiderivative.

1
J(a+aSec[e+-Fx])5/2 (c+dsec[e+fx])

dx

Optimal (type 3, 592 leaves, 16 steps):
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Tan[e + f x]

422 (c-d) f (1+Secle+fx])*+/a+aSec[e+Fx]

(c-2d) Tan[e + fx]

2 a? (cfd)zf (1+Secfe+fx])Va+aSec[e+fx]
3Tan[e + f x]

+

16a2 (c-d) f (1+Sec[e+fx])a+aSec[e+fX]
2Ar‘cTanh[@] Tan[e + f x]
\a
a32cf+a-aSecle+fx] Va+aSec[e+fx]
(c-2d) ArcTanh[@] Tan[e + f X]
V2 \a
2+/2 a¥2 (c-d)?f+/a-aSec[e+fx] Ja+aSec[e+Fx]

a-aSec[e+f x]

VT )
16 /2 a3/2 (c-d) fJa-asSec[e+fx] ‘a+aSec[e+fx]

3 ArcTanh| | Tan[e + fx]

a-aSec[e+fX]

V2 Va
a*? (c-d)?fVa-asSecle+fx] Ja+aSec[e+fx]

V2 (c2-3cd+3d?) ArcTanh| | Tan[e + f x]

+

- +
2d7/2Ar'cTanh[ﬁ j;secc[: fx] ] Tan[e + f x]

a*2c (c-d)’Vc+d f/a-asec[e+fx] Va+aSec[e+fx]

Result (type 3, 1826 leaves):

Cos[l(e+fx)]5(d+cCos[e+fx])Sec[e+Fx}4
2
~15c+23d) Sin[ Y (e+ fx
fsedgsnliieed] s e
2 (-c+d)? 4 (-c+d)? 2

s fx)] Sec[i(e+Fx)]3Tan[§(e+fx)]

+

(19c$in[1 (e+fx)]-27dsin]
2

N |

/

2 (—c+d>

(f (a (1+Secle+fx]))>? (c+dSec[e+-Fx])> -

V-c-d |c(43c*-126cd+115d?) Ar‘cSin[Tan[l (e+fx)H -
2
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322 (c—d)SAr‘cTan[Tan[% <E+fX)]] +

Cos[e+fx
1+Cos[e+f x]

32+/2 d’/2 ArcTanh |

YT Tan[} (e £)] Cosmeﬁx)]sJM

2 1+Cosfe+fx]
m Cos[e+fx

1+Cos [e+f X]

11c25ec[i (e+Fx)]

- +

8 (-c+d)? (d+cCosle+fx])/Sec[e+fx]

(d+cCos[e+fx])

51cdSec[§ <e+-Fx)]
8 (-c+d)? (d+cCosle+fx])/Sec[e+fx]
8d25ec[%(e+fx)] 2c2$ec[%(e+fXH\/Sec[e+fx]

+ —

(-c+d)? (d+cCos[e+fx])/Sec[e+fx] (-c+d)? (d+cCosle+fx])
43cdSec[§ (e+fx)]/secle+fx] 35d25ec[i (e+fx)]~/sec[e+fx]
8 (7c+d)2 (d+cCos[e+fx]) 8 <7c+d)2 (d+cCos[e+fx])
2c%Cos[2 (e+fx) | Sec[% (e+fx)]~/secle+fx]
(-c+d)? (d+cCosle+fx])

4cdCos[2 (e+fx)] Sec[i (e+fx)]~/sec[e+Fx]

(—c+d)2 (d+cCos[e+fx])

+

2d?Cos[2 (e+fx) | Sec[i (e+fx)]~/sec[e+Fx]

(—c+d)2 (d+CCOS[e+'FX]>

Sec[e+fx]7/2+/1+Sec[e+fx] /

4c~/-c-d (c-d)’f(a(1+Secle+fx]))*? (c+dSec[e+fx])

- V-c-d |c(43c®-126cd+115d?) Ar‘cSin[Tan[1 (e+fx)]] ~32+/2 (c—d>3
2
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Tan[l(eﬂcx)] \/?Tan{l(eﬂcx)}
ArcTan| 2 || +32 \/2 d7/2 ArcTanh [ 2
1+zZsTe+1z(x] - d 1+z25e[e+:x]

Cos[e+fx] Sin[e + fx] Sinf[e + f x]

(1+Cos[e+fx])? 1+Cos[e+fx]

v1+Sec[e+fx]

/

8c/-c-d (C—d>3 M _

1+Cosfe+fx]

Vd sec[? (e+FxH2
\1+Secle+fx] |[324/2 d7/2 2 -

zm Cos[e+fx

1+Cos[e+f x]

Cos[e + fX]

1+Cosfe+fXx]

Ja Cos[e+fx] Sin[e+fXx] B Sin[e + f x] Tan[l(eﬂcxﬂ /
(1+Cos[e+fx])? 1+Cos[e+fx] 2
3/2
[Zm Cos[e + fx] ) ) /
1+Cosfe+fx]
d (1+Cos[e+fx]) Sec[e+fx] Tan[i(eﬂcx)]z
1- +

-c-d

c (43c?-126cd+115d?) Sec[% (e+fx)]2

2\/1Tan[; (e+fx)]’

Voc-d - 132+/2 (c-d)?

1 2 Cos[e+fx] Sin[e+f x] Sinf[e+f x] ) T 1

L - an e+fx

SGC[Z (e+-FXH ( (1+Cos[e+f x])?2 1+Cos [e+f ] {2 ( H / (1

- +
Cos[e+f x )3/2

1+Cos [e+f x]

Cos[e+f x]

1+Cos [e+f X]
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(1+Cosfe+fx])Secle+fx] Tan[l (e+1:x)]2) /(4C\/—C—d (c—d)3) -

2

V-c-d |c (43c2—126cd+115d2)Ar‘cSin[Tan[1 (e+Fx)]] -32+/2 (c—d)3
2

Tan[l(e+fx)] \/d Tan[l(eﬂcxH
ArcTan| 2 || +32+/2 d”/2 ArcTanh]| 2
C +f / C +f
1+z25e[e+:x] -c-d 1+z25e[e+:x]

1+Cosfe+fx]

\/M Sec[e+fx] Tan[e + fx] /(SC\/—C—d (c—d)3

v1+Sec[e+fx] )

Problem 182: Result more than twice size of optimal antiderivative.

1
dx
J(a+aSec[e+-Fx])5/2 (c+dSec[e+-Fx])2

Optimal (type 3, 756 leaves, 19 steps):
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Tan[e + f x]

422 (c-d)?f (1+Sec[e+fx])?/a+asSec[e+fx]
(c-3d) Tan[e + fx]

2 a? (cfd)3f (1+Secfe+fx])Va+aSec[e+fx]
3Tan[e + f x]

+

16a% (c-d)*f (1+Sec[e+fx])/a+aSec[e+fx]
a-aSec[e+fx]
“a
a32c2f+/a-aSec[e+fx] Va+aSec[e+fx]
(c-3d) ArcTanh[@] Tan[e + f X]
V2 \a
2+/2 a¥2 (c-d)’f+/a-aSec[e+fx] Ja+aSec[e+Fx]
3Ar‘cTanh[@} Tan[e + f x]
V2 Ja
16 /2 a3/2 (c—d)zf\/a—aSec[e+-Fx] vJa+aSec[e+fx]

2 ArcTanh| | Tan[e + £ x]

a-aSec[e+fX]

V2 Va
a*? (c-d)*fVa-asSecle+fx] Ja+aSec[e+fx]

\/?(cz—4cd+6d2)Ar‘cTanh[ | Tan[e + f x]

+

NES +
d7/2Ar‘cTanh[\H ?Sec[: fx] | Tan[e + f x]
a \/ C+

a*2c (c-d)’ (c+d)**f+/a-asec[e+fx] Va+aSec[e+fx]

+

NEE +
2 (4c-d) d7/2Ar‘cTanh[ﬁ arasec[de £ | Tanfe + fx]
a \/Cc+

a¥2c? (c-d)*/c+d fVa-asSecle+fx] Ja+aSec[e+fX]

+

d* Tan[e + f x]

alc (c—d)3 (c+d) f/a+aSec[e+fx] (c+dSec[e+fx])
Result (type 3, 2343 leaves):

Cos[1 (e+fx>]5 (dJrcCos[eJr-Fx])2

2

(-15c*+16c>d+31c*d® + 16d*) Sin[J (e+ Fx)]
- +

2c? (—c+d)3 (c+d)

Sec[e + fx]°

8d°sin[ (e+fx)]

1 1 ,
c? (7c+d>3<c+d> <d+CCOS[e+'FX}> +4<7c+d)3Sec[;<e+fx)]
in[> WE e[ (e £x)] Tan[L (e« £x]]
(719C51n[2 (e+fx)}+35d51n[2 (e+fx)]]- 2(_c+d>2 /
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(f (a(1+Secle+fx]))*? (c+dSec[e+fx])2) -

c? (43¢ -123c*d+53cd?+ 219 d?) ArcSin[Tan[l (e+fx)]]-32v2 (c-d)* (c+d)
2

d L esf
16 /2 d7/2 (9c2+5cd-2d?) Ar‘cTanh{M}

Tan[ 3 (e+fx) ] N
ArcTan | |+
Cos[e+fx V-C - d

1+Cos [e+f x]

Cos [

N |

<e+-Fx)]5 <d+cCos[e+-Fx])2\/Cos[e+1‘x] Sec[1 <e+-Fx)]2
2

11c3Sec[i(e+Fx)]
8 (—c+d)3 (c+d) (d+cCosfe+fx]) VSec[e+fx]
6c2dSec[%(e+-Fx)]
(-c+d)? (c+d) (d+cCosle+fx])/Sec[e+fx]
37chSec[§(e+fx)]
8(—c+d)3 (c+d) (d+cCos[e+fx])VSec[e+fx]
16d3Sec[§(e+fx)]
(—c+d)3 (c+d) (d+cCos[e+fx])VSec[e+fx]
2d4Sec[§(e+Fx)]
¢ (-c+d)® (c+d) (d+cCos[e+Fx])/Sec[e+Fx]
2c3Sec[i(e+Fx)]\/Sec[e+Fx] 43c2dSec[i(e+-FxH\/Sec[e+fx]
+
(—c+d)3(c+d) (d+cCosfe+fx]) 8(—c+d)3(c+d) (d+cCosfe+fx])

2cd25ec[§ (e+Fx)]Vsec[e+fx] 59d*>Sec[? (e+fx) ] /Sec[e+fx]

2

+

+

+

(-c+d)? (c+d) (d+cCos[e+fx]) 8(-c+d)’(c+d) (d+cCos[e+fx])
2¢2Cos[2 (e+fx)|sec[ (e+Ffx)]/Secle+Fx]

(-c+d)? (c+d) (d+cCos[e+fx])
4c?dCos[2 (e+fx)]|Sec[> (e+fx)]/secle+Fx]

(—c+d)3 (c+d) (d+cCosfe+fx])

+
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4 d? Cos |2 (e+-Fx)] Sec[i (e+FxH vSecle+fx]
(—C+d>3 <C+d> (d+CCOS[e+'FX]>
2d*Cos[2 (e+Fx) ] Sec[% (e+Fx)]Vsec[e+fx]

c(-c+d)? (c+d) (d+cCosfe+fx])

+

Sec[e+-Fx}9/2\/Cos[1 (e+fx)]25ec[e+fx] /

2
4c? (c-d)* (c+d)f(a(1+Secle+Ffx]))>? (c+dSec[e+fx])?

1

- c® (43c*-123c*d+53cd®+219d°) Ar~cS.in[Tan[1 (e+-Fx)H -
8c? (c-d)* (c+d) 2
Tan[l (e+fx>] 1
324/2 (c-d)* (c+d) ArcTan]| 2 +
Cos[e+fx V_C_d
1+Cos [e+f X]
\/?Tan[l(eJr-Fx)]
16+/2 d”/2 (9c2+5cd-2d?) ArcTanh| 2 ]
C +f
3/2

<e+fx)]25ec[e+fx]

N |

(e+1:x)]2 (Cos[

N |

\/COS[Q+'FX] Sec|

7Sec[l (e+fx)}zsin[e+fx} +Cos[e+fx] Sec[1 (eJrFXHZTan[1 (e+fx)]|-
2 2 2

\/COS[E+'FX] Sec| (e+FxH2 \/Cos[

(e+-FxHZSec[e+Fx]

N |
N |
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c? (43c3-123c?d+53cd?+219d°) Sec[% (e+-FxH2

2\/1Tan[i (e+fx)]®

- 132+/2 (c-d)* (c+d)

1 2 Cos[e+fx] Sinfe+fx]  _Sin[e+fx] ) Tan 1 e+ fx
Sec[z (e+-Fx) ] ( (1+Cos[e+f x])? 1+Cos[e+f x] [2 ( ) ] / (1
- +

2 ( Cos[e+f x )3/2
1+Cos[e+f Xx]

Cos[e+f x]
1+Cos[e+f x]

(1+Cos[e+fx]) Sec[e+fx] Tan[1 <e+‘FX>]2) +]16+/2 d”/2 (9c?+5cd - 2d?)
2

\/?Sec[i <e+fx)]2

B [\/? Cos[e+ fXx] Sin[e+1:x} B Sin[e + fx]
s e g [ costetn (1+Cosf[e+fx]) 1+Cos[e~+fx]
1+Cos[e+f Xx]
1 Cosfe+fx 3/2
Tan[ = (e+fx) | /[2\/—c—d _Loslextx] ] /
2 1+Cosfe+fXx]

d (1+Cos[e+fx])Secle+fx] Tan[i (e+~FxH2
1-

B d

I/

1

<4c2 (c-d)* (c+d)) -

8c? (c-d)* (c+d) \/COS[% (e+fx)]25ec[e+fx]

c? (43¢ -123c*d +53 cd? + 219 &) Ar~cSin[Tan[1 (e+Fx)]]-32v2 (c-d)* (c+d)
2
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16+/2 d7/2 (9c2+5cd-2d?) Ar‘cTanh[M]

Tan[> (e+fx)] Ved e
ArcTan | |+
Cos[e+fx V-C -~ d

1+Cos [e+f x]

—Cos[l (e+fx)]secie+fx] Sin[l (e+fx)]+
2 2

\/Cos[e+1:x1 Sec[l (e+-FxH2
2

1 2
Cos[~ (e+fx)| secle+fx] Tan[e +fx]
2

Problem 183: Result more than twice size of optimal antiderivative.

1
dx
J(a+aSec[e+1‘x])5/2 (c+dSec[e+fx])>

Optimal (type 3, 999 leaves, 23 steps):
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Tan[e + f x]

422 (c-d)’f (1+Sec[e+fx])?/a+asSec[e+fx]

(c-4d) Tan[e + fx]

2 a? (cfd)‘lf (1+Secfe+fx])Va+aSec[e+fx]
3Tan[e + f x]

+

16a% (c-d)’f (1+Sec[e+fx])/a+aSec[e+fx]
a-aSec[e+fx]
“a
a32c3f+a-aSecle+fx] Va+aSec[e+fx]
(c-4d) ArcTanh[@] Tan[e + f X]
V2 \a
2+/2 a¥2 (c-d)*f+/a-aSec[e+fx] Ja+aSec[e+Fx]
3Ar‘cTanh[@} Tan[e + f x]
V2 Ja
16 /2 a3/2 (c—d)3f\/a—aSec[e+-Fx] vJa+aSec[e+fx]

2 ArcTanh| | Tan[e + £ x]

a-aSec[e+f x]

V2 Ja
a*? (c-d)°fa-asecle+fx] Va+aSec[e+fx]

\/?(cz—Schrledz)Ar‘cTanh[ | Tan[e + fx]

+

- +
3d7/2Ar'cTanh[ﬁ j;sic[de fx] ] Tan[e + f x]

4a¥2c (c-d)’ (c+d)*?fa-asSecle+fx] Ja+raSec[e+Fx]

+

NES +
(4c-d) d7/2Ar‘cTanh[ﬁ a-asecle+fx] | Tan[e + f x]
\E\/(Hd

a*2c (c-d)* (c+d)**f~/a-asSec[e+Ffx] araSec[e+Fx]

+

JJaasecierfx]
2d7/2 (10 c2-5cd +d?) Ar‘cTanh[ﬁ aaseclet™ ] Tan(e + f x]
a +/c+d

a>2c3 (c-d)°c+d f\/a-asSecle+fx] JaraSec[e+fx]

+

d*Tan[e + f x]

+

2a%c (c-d)? (c+d) f/a+aSec[e+Ffx] (c+dSec[e+fx])?

3d*Tan[e + f x]

+

42a2c (c—d)3 (c+d)2F\/a+aSec[e+-Fx} (c+dsec[e+fx])
(4c-d) d*Tan[e+fx]

a? ¢? (cfd)4 (c+d) fa+aSec[e+fx] (c+dsec[e+fx])

Result (type 3, 2904 leaves):

Cos| (e+fx>]5 (d+cCos[e+fx])>Sec[e+fx]®

N |
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/

[—((3 (5c®-3c*d-21c*d*-13cd>-28c?d*-12cd® +8d°) Sin[l (e+fx”
2

4dGSin[% (e+-FxH

(2c3(—c+d)4(c+d)2)]— .

c3 (—c+d)3 (c+d) (d+cCos[e+fx])

Sec[% (eJr-Fx)]2 (19csin[§ (e+fx)] —43dSin[§ (e+fx)]]|+

4 (—C+d)4

(e+fx)}—9cdesin[l(e+fx”+8d751n e+fx
2

1))/

Sec[%(eﬂcx)} Tan[2 (e+fx) ]

(2 (723 c?d®sin|

N |

/

(c3 <_c+d)4 (C+d)2 (d+cCos[e+fx])) "

2< C+d

(f (a(1+Secle+fx]))*? (c+dSec[e+fx])3) -

c® (c+d)? (43 c?-206 cd + 355 d?) ArcSin[Tan[1 (e+fx)]] -

2
Tan[l(e+fx” 1
3272 (c-d)® (c+d)?ArcTan| 2
Cos[e+fx -c-d

1+Cos[e+f Xx]

\/?Tan[i (e+Fx)]

4-/2 d7/2 (99 c*+110 c®d - 5c*d? - 20 c d’® + 8 d*) ArcTanh]|

J_oc_d | Costesfxi

1+Cos[e+f X]

Cos[l (e+fx)]5 <d+cCos[e+-Fx})3\/Cos[eﬂcx] Sec[1 <e+fx)]2
2 2

11c4Sec[i (e+fx)]

- +
8 (-c+d)* (c+d)? (d+cCos[e+fx])/Sec[e+fx]
45c3dSec[§ (e+Fx)]

8 (-c+d)* (c+d)? (d+cCos[e+fx])Sec[e+fx]
5c2d25ec[% (e+Fx)]

8 (—c+d)4 (c+d)2 (d+cCos[e+fx])/Sec[e+fx]

317 cd®Sec| (e« fx) |

8 (—c+d)4 (c+d)2 (d+cCos[e+fx])/Sec[e+fx]
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69d4Sec[§ (e+Fx)]

2 (-c+d)* (c+d)? (d+cCos[e+fx])/Sec[e+Ffx]
7d°Sec| > (e+fx)]

2¢ (-c+d)* (c+d)? (d+cCos[e+Ffx])VSec[e+Fx]
2d°sec[ ] (e+fx)]

2 (-c+d)* (c+d)? (d+cCos[e+Ffx]) /Sec[e+fx]

+

+

2c4Sec[§ (e+fx)]/sec[e+fx] 7 43c3dSec[§ (e+fx)]~/secle+Fx] 7
(—c+d)4 (c+d)2 (d+cCosfe+fx]) 8 (—c+d)4 (c+d)2 (d+cCosfe+fx])
3c2dZSec[§ (e+Fx)]Vsec[e+fx] 123cd3Sec[§ (e+Fx)]sec[e+fx]

+ +
8 (-c+d)* (c+d)? (d+cCos[e+fx]) 8 (-c+d)*(c+d)®(d+cCosfe+Ffx])
95d4Sec[i (e+fx)]/sec[e+fx] dSSec[i (e+fx)]~/sec[e+Fx]
8 (-c+d 4 (c+d)2 (d+cCos[e+fx]) 2c (—c+d)4 (c+d)2 (d+cCos[e+fx])

)
2c*Cos[2 (e+Fx)] Sec[% (e+Fx)]sec[e+fx]
(-c+d)* (c+d)? (d+cCos[e+fx])

4c2dCos|2 (e+fx) ]| Sec[% (e+fx)]~/sec[e+Fx]

(—c+d)4(c+d)2(d+cCos[e+fx})
2c2d?Cos|2 (e+fx”5ec[§(e+fx)]\/5ec[e+fx]
(-c+d)* (c+d)? (d+cCos[e+fx])

8cdCos[2 (e+fx)] Sec[; (e+fx)]~/sec[e+Fx]

+

(—c+d)4 (c+d)2 (d+cCosfe+fx])
2d*Cos[2 (e+Fx) ] Sec[% (e+Fx)]sec[e+fx]
(7C+d>4 (C+d)2 (d+CCOS[e+fX])
4d°Cos |2 (e+fx)] Sec[i (e+fx)]~/sec[e+Fx]
c (—c+d)4 (c+d)2 (d+cCosfe+fx])
2d°Cos[2 (e+Fx)] Sec[i (e+Fx)]sec[e+fx]

c? (—c+d)4 (c+d)2 (d+cCos[e+fx])

+

Sec[e+-Fx}11/2\/Cos[1 <e+fx)]25ec[e+fx] /
2



Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”™n.nb | 97

4c (c-d)° (c+d)*f (a(1+Sec[e+Fx]))>? (c+dSec[e+Ffx])>

- 1 c3 (c+d)2(43c2—206cd+355d2 Ar‘cSin{Tan[E(ewa)H—
8c3 (c—d)s(c+d>2 2
Tan[l(emcx)] 1
32ﬁ(cfd)5(c+d)2ArcTan[ 2 ]+

Cos[e+fx V_C_d

1+Cos [e+f x]

\HTan[i (e+Fx)]

4~/2 d’? (99 c*+110 ?d - 5c*d® - 20 c d’ + 8d*) ArcTanh|

\/COS[E+'FX] Sec|

—Sec[l (e+fx”251n[e+fx} +Cos[e+fx] Sec[1 (e+1¢x”2Tan[1 (e+fx)]
2 2 2

m Cos[e+fx

1+Cos [e+f x]

3/2

(e+1:x)]2 Cos | (e+fx)]25ec[e+fx]

N |

N |

1 1 2 1 2
\/Cos[e+fx} Sec[~ (e+fx) | \/Cos[— (e+fx)] sec[e+fx]

4¢3 (c—d)s(c+d>2 2 2

c3 (c+d)? (43c?-206cd+355d?) Sec[? (e+fx)]”

- 132+/2 (c—d)5 (c+d)2

2\/1Tan[i (e+fx)]’

1 2 Cos[e+fx] Sin[e+f x] Sinf[e+f x] ) T 1
2 - an e+fx
Sec{z (e+fx> ] ( (1+Cos[e+f x])? 1+Cos[e+f x] [2 ( > ] /
2( Cos[e+f x )3/2
_Cosfe+fx]
Cos[e+fx 1+Cos [e+f x]

1+Cos[e+f x]

[1+ (1+Cosfe+fx]) Sec[e+fx] Tan|

N |

(e+FxH2] +
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\/?Sec[i (e+fx)]2

4+/2 d7/? (99c4+119c3d-5c2d2-29cd3+8d4) -
2m Cos[e+f x

1+Cos[e+f x]

\/? (Cos[erFx} Sinfe+fx] _ _Sin[e+fx] ) Tan[l (e+'FX>]
(1+Cos[e+f x])? 1+Cos[e+f x] 2

2m( Cos[e+fx )3/2 /

1+Cos[e+f x]

d (1+Cosfe+fx]) Sec[e+fx] Tan[i (e+fx)]
1-

{m
-c-d

:

1

8c® (c-d)° (c+d)2\/Cos[§ <e+fx)]25ec[e+fx]

c® (c+d)? (43 c?-206 cd + 355 d?) ArcSin[Tan[1 (e+fx)]] -
2

Tan[l(ewa” 1
32v/2 (c-d)® (c+d)?ArcTan| 2 ]+
Cos[e+fx Vfcfd

1+Cos[e+f X]

\/?Tan[i (e+fx)]

4~/2 d77? (99 c*+110c>d - 5c*d? - 20 c d® + 8 d*) ArcTanh]|

m Cos[e+fx

1+Cos[e+f X]

—Cos[l (e+fx)]secie+fx] Sin[1 (e+Fx)]+
2 2

2

\/Cos[eﬂcx} Sec[l (e+-FxH2

1 2
Cos[; (e+fx)] sec[e+fx] Tan[e+-Fx])

Problem 193: Result more than twice size of optimal antiderivative.
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(a+bSec[e+-Fx])2
J dx

(c+dSec[e+1‘:x])3

Optimal (type 3, 237 leaves, 6 steps):
a’x
c3 )

Vec-d Tan[% <e+-Fx)]

c+d

(3b2c*d-2abc® (2c?+d?) +a” (6c*d-5c?d®+2d°)) ArcTanh|

1/

d(bc-ad 2S. £
(c3 (c-d)*? (c+d)5/2f) - — 2( C2 ad)®sinfe+fx] .
2c? (c2-d?) f(d+cCos[e+fx])

(bc-ad) (3ad (2c2-d?) -bc (2c?+d?)) Sin[e+fx]

2c? (czfdz)zf(dJrcCos[eJrfx})

Result (type 3, 493 leaves):
1

4c3f (b+raCos[e+fx])? (c+dSec[e+fx])>

(d+cCos[e+fx]) Sec[e+fx] (a+bSec[e+-Fx])2 _r
(C27d2>5/2
—c+d) Tan[Y (e+fx
4 (3b°c*d-2abc® (2c*+d®) +a® (6c*d-5c’d®+2d°)) ArcTanh| ) [2< H]
4/C2_d2
(d+cCos[e+fx])2+#(Zazcse—6a2c2d4e+4a2d6e+2a2c5-Fxf
ERTE

6a’c’d*fx+4a’d®fx+8a’cd (cz—dz)2 (e+fx) Cos[e+Ffx]+

2 a2 c? (cz—dz)2 (e+fx) Cos[2 (e+fx)]|+2b>c®dSin[e+fx]-12abc*d*Sin[e+fx] +
10a2c3d®Sin[e+fx] +4b?>c3d®>Sin[e+fx] -4a%cd’>Sin[e+fx] +

2b>c®sin(2 (e+fx)|-8abc®dSin[2 (e+fx) ]| +6a>c*d’Sin[2 (e+Fx) ]|+

b? c*d? Sin|2 (e+fx>] +2abc?d?®sin|2 (e+fx” -3a’c?d*sin|2 (e+fx)])

Problem 195: Result more than twice size of optimal antiderivative.

3

(a+bsSecle+fx])
J dx

(c+dSec[e+fx])?

Optimal (type 3, 254 leaves, 6 steps):
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3
E‘CTX— (bc—ad) (2abcd(4c2—d2)—b2c2 (c2+2d2)—a2 (6c4—5c2d2+2d4))
e-d Tan[l(eﬂcx)]
ArcTanh | 2 ] /(c3 (c—d)s/2 (c+d)5/2f)+

c+d

(bc—ad)2 (b+aCos[e+fx])Sin[e+fx] (bc—ad)2 (5ac?-3bcd-2ad?) Sinfe+fx]

+

2c (c2-d?) f (d+cCos[e+fx])2 2c? (cz—dz)zf(dJrcCos[eJrfx})

Result (type 3, 517 leaves):

1
4c3f
—;4(—9abzc4d+3a2bc3 (2c2+d2)+b3c3 (c2+2d2>+a3 (—6c4d+5c2d3—2d5)>
(cz_dz)S/z
—c+d) Tan[ L (e+ fx
Ar‘cTanh[ ) [2< )]]+

V2 -d?
1
(cz—dz)2 (d+cCos[e+1‘:x])2
4a3d°fx+8a’cd (cz—dz)2 (e+fx) Cos[e+fx]+2a° (c3—cd2>2 (e+-Fx) Cos[z (e+fx” +
2b3>c®Sin[e+fx] +6ab?c’dSin[e+fx] -18a’bc*d?Sin[e+fx] -
8b3c*d?Sinje+fx] +10a3c3d®Sin[e+fx] +12ab?c3d*Sin[e+fx] -
4a’cd®sinfe+fx] +6ab’c®Sin[2 (e+fx)|-12a’bc®dSin|2 (e+fx)] -
3b%c>dsin[2 (e+fx)|+6a’c*d*Sin[2 (e+fx)|+3ab>c*d®Sin[2 (e+Fx) ]|+

(2a3c6e76a3c2d4e+4a3d6e+2a3c‘sfx76a3c2d4fx+

3a’bcd’sin|2 (e+fx)} -3a’c?d*sin|2 (e+-Fx)})

Problem 196: Result more than twice size of optimal antiderivative.

(a+bsSec[e+fx])?
J dx

(c+dsecle+fx])*

Optimal (type 3, 412leaves, 7 steps):
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(3ab2c4d (4c2+d2) -b3c® (c2+4d2) -a’b (6c”+9c*d?) +a’ (8c6d—8c4d3+7c2d5—2d7)>

Ve-d Tan[i (e+fx)]

c+d

ArcTanh |

[/ (e Ve=d Verd (-a) ) -

d(bc-ad) (b+aCos[e+fx])?Sin[e+fx]

+

3c(c2-d?) f (d+cCosle+fx])?

(bc—ad)2 (3bc*-8ac?d+2bcd?+3ad®) Sinfe+ fx]

6c3 (cz—d2)21c (d+cCos[e+1“x])2
((bc-ad) (b>c?d (13c?+2d*) ~abc (18c*+17c*d®-5d*) +a* (34c*d-28c*d*>+9d°))
Sin[eﬂcx})/(6c3 (cz—d2)3f (d+cCos[e+fx]))

Result (type 3, 885leaves):

a® (e+fx) (d+cCos[e+-Fx])4Sec[e+fx} (a+bSec[e+fx})3

+

c*f(b+acCosfe+fx])® (c+dsecle+fx])*

(6a2bc7+b3c7—8a3c6d—12ab2c6d4r

9a’bc®d*+4b>c*d*+8a’c*d’-3ab’c*d’-7a’?d*+2a’d’)

-c+d) Tan[i (e+fx)}

(c“ c? - d? (—c2+d2)3-F <b+aCos[e+-Fx]>3 (c+dSec[e+-Fx])4] +

ArcTanh]| | (d+cCos[e+fx])*secle+fx] (a+bSecle+fx])>

/

((d+cCos[e+fx]) Secle+fx] (a+bSecle+fx])>
(-b>c*dsSin[e+fx] +3ab’>c*d’Sin[e+fx] -3a’bcd®Sin[e+fx] +a3d4Sin[e+-Fx}>)/

(3c3 (c?-d?) -F(b+aCos[e+1°x])3 (c+dSec[e+Fx1>4) +
((d+cCos[e+fx])2Sec[e+Fx1 (a+bSec[e+1°x])3 (3b>c>sinfe+fx] -

18ab%2c*dSinje+fx] +27a2bc>d?Sin[e+fx] +2b3c3d?Sin[e+fx] -12a%c?d3

Sinfe+fx] +3ab?c?d®sin[e+fx] -12a2bcd*Sin[e + fx] +7a3dSSin[e+-Fx}))/
(6c3 (cz—dz)zf (b+acCos(e+fx])> (c+dSec[e+fx])4) +

1

6c> (c2-d?)*>f (b+raCos[e+fx])® (c+dSecle+fx])*
(d+cCos[e+fx])3Sec[e+-Fx} (aerSec[eJr-Fx})3
(18ab>c®sin[e+fx] -54a’bc’>dSinfe+fx] -13b’>c*dSin[e+fx] +36a’c*d*Sin[e+fx] +
30ab?c*d?Sin[e+fx] +15a2bc3d®Sin[e+fx] -2b3c2d3Sin[e+fx] -
32a’c*d*sinfe+fx] -3ab’c®d*Sin[e+fx] -6a’bcd®Sin[e+fx] +11a>d°Sinfe+fx])
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Problem 197: Result more than twice size of optimal antiderivative.

J(a+bSec[e+-Fx])3
(c+dsecle+fx])®

dx

Optimal (type 3, 622 leaves, 8 steps):

a3 x

CS

(15ab>c®d (4c?+3d?*) -3a’bc® (8c*+24c?d?+3d*) -b>c® (4c*+27c2d*+4dY) +

\Je-d Tan[% (e+fx)]

c+d ]/

a’ (46c®d-40c®d’+63c*d®-36c>d’ +8d°)) ArcTanh|

(4c5\/ﬁm(c2—d2)4f)+d2 (b+acCos[e+fx])>Sin[e+fx] .
4c(c2-d?) f(d+cCosfe+Ffx])*
d(8bc*-11ac?d-bcd?+4ad®) (b+aCosfe+fx])*Sinfe+fx]
12¢? (c2-d?)2f (d+cCos[e+fx])>

((bc-ad) (2abcd (32c*+c*d?+2d*) -a®d® (58 c*-35c*d*+12d%) -

b2 (12c6+25c4d2—2c2d4))Sin[e+fx])/(24c4 (cz—dz)sf(d+cCos[e+fx])2)—
((p>c*d (68c*+39c*d®-2d*) +a*bcd (272c®+10c*d* +49c*d* - 16d°) -

3ab®c? (24c®+84c*d®*-5c*d*+2d°%) -a® (212c°d*-210c*d* + 139 c*d° -36d°))

Sin[e+1:x1)/(24c4(cz—d2)4f(d+cCos[e+Fx1))

Result (type 3, 1285leaves):



Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)”™m (c+d sec)™n.nb | 103

a® (e+fx) (d+cCos[e+-Fx])SSec[eJr-Fx]2 (a+bSec[e+~Fx])3

+

c>f(braCosfe+fx])? (c+dSecle+Ffx])°

(-24a’°bc®-4b°c®+40a>c®d+60ab’c®d-72a’bc’ d*-27b>c’ d? -

40a3c6d3+45ab2c5d3—9a2bc5d4—4b3c5d4+63a3c4d5—36a3c2d7+8a3d9)
1
(-c+d) Tan[; (e+fo

V2 -d?2
[4C5\/C2—d2 (-c2+d*)*f (b+aCos[e+Ffx])> (c+dSec[e+fx})5] +

((d+cCos[e+fx]) Sec[e+fx]? (a+bSec[e+Ffx])>

ArcTanh| | (d+cCosfe+fx])°Secle+fx]? (a+bSec[e+fx])>

/

(b>c*>d®>sin[e+fx] -3ab*c*d’>Sin[e+fx] +3a’bcd*Sinfe+fx] —a3dSSin[e+fx}))/
(4c4 (c?-d?) f (b+aCos[e+fx])> (c+dSec[e+fx}>5) +
((d+cCos[e+-Fx])ZSec[e+1Cx}2 (a+bSec[e+fx])® (-8b°c®dsSinfe+fx] +36ab?c*d?
Sin[e+fx] -48a%’bc3d*Sin[e+fx] +b3c3d®*Sin[e+fx] +20a3c?d*Sin[e+fx] -
15ab?c?2d*Sin[e+fx] +27a%’bcd®Sin[e+fx] —13a3dGSin[e+fx]))/
(12c4 (czfdz)zf (b+acCos[e+fx])> (c+dSec[e+fx})5) +
1

24 c* (cz—d2)31C (b+aCos[e+1‘:x])3 (c+dSec[e+-Fx])5
(d+cCos[e+-Fx])3Sec[e+1‘:x12 (a+bSec[e+1‘x])3
(12b*c’sin[e+fx] -188ab*>c®dSin[e+fx] +216a*bc>d®*Sin[e+fx] +
25b3c®d?Sin[e+fx] -120a%c*d®>Sinje+fx] +9ab?c*d3®Sin[e+fx] -
165a’bc3d*Sin[e+fx] -2b3c3d*Sin[e+fx] +131a®>c?d°Sin[e+fx] -
6ab’>c?d°Sinfe+fx] +54a’bcd®Sinfe+fx] -46a>d’ Sin[e+fx]) +
1

24¢* (2-d?*)*f (b+raCos[e+fx])> (c+dSec[e+fx])°
(dJrcCos[eJr-Fx])4Sec[e+-Fx]2 (aerSec[eJr-Fx])3
(72ab>c®sin[e+fx] -288a*bc’dSin[e+fx] -68b>c’dSin[e+fx] +
240 a3 c®d?Sin[e+fx] +252ab%c®d?Sin[e+fx] +24a’bc°d®Sin[e+fx] -
39b3c®d3Sin[e+fx] -280a°>c*d*Sin[e+fx] -15ab?c*d*Sin[e+fx] -
69a’bc3d’Sin[e+fx] +2b>c3d°Sin[e+fx] +195ac?d®Sin[e+fx] +
6ab*c*d®Sin[e+fx] +18a*bcd’ Sin[e+fx] -50a>d®Sin[e+fx])

Problem 198: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+b5ec[e+fx] (c+dsecle+fx])dx

Optimal (type 4, 320leaves, 5steps):
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! a+bSecl[e+fx a+b
-—2(a-b)vVa+b dCot[e+fx] EllipticE{Ar‘cSin[\/ : (e +fX] e ]
ot Va+b a-b

b (1-Sec[e+fx]) b (1+Sec[e+fx]) 1

_ .

a+b a-b bf
vJa+bSecle+ fx] a+b}

2+va+b (b(c-d)+ad) Cot[e+fx] EllipticF|ArcSin| ,

Va+b a-b
b (1-Secle+fx]) b (1+Secfe+fx]) 1
a+b a-b f

a+b a+bSec[e+fx a+b
2\/a+b cCotle+fx]EllipticPi] = Ar‘cSin[\/ * [e+fXx] o ]
a Vatrb a-b

b (1-Secle+fx]) b (1+Secfe+fx])
a+b a-b

Result (type 4, 913 leaves):

2dCos[e+fx] va+bSec[e+fx] (c+dsec[e+fx])Sin[e+fx]
f (d+cCos[e+fx])

+

2+a+bSec[e+fx] (c+dSec[e+fx])

-a+b 1 -a+b 1 -a+b
a dTan|[= (e+fx) | +b dTan| =~ (e+fx)]-2a d
a+b 2 a+b 2 a+b
1 3 -a+b 1 5 -a+b 1 5
Tan[= (e« f dTan[= (e+£x)]° b dTan[= (e+f
an[2 (e+fx)] +a . an[2 (e+fx)] . an[2 (e+fx)] +
. s s s a+b | . -a+b 1 a+b
2iacEllipticPi[- , i ArcSinh| Tan|~ (e+~Fx)H, ]
a-b a+b 2 a-b
a+b-aTan[l (e+fx)]*+bTan[L (e+fx)]?
\/1Tan[1<e+fx)]2\/ [2( )] [2< )] +
2 a+b
ZjacEllipticPi[faer, i ArcSinh| -arb Tan[i(eJrFx)H, a+b]Tan[1<e+fx)]2
a-b a+b 2 a-b 2

<e+fx)]2 \/a+b—aTan[% (e+Fx)]2+bTan[§ (e+-FxH2

a+b

\/l—Tan[

N |
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i (a-b) dE1lipticE[i ArcSinh| —a+bb Tan[l(eﬂcx)H, a+E]\/1—Tan[—(e+fx>]2
a+ 2 a-

1+Tan|

a+b-aTan[L (e+fx)]*+bTan[L (e+fx)]’
<e+””2]J b-aTan2 (e #x)]*+bTan[L e x|

— 1 -b
a+b l(a )

N |

(c-d) EllipticF[i ArcSinh| axh Tan[l(eﬂcx)H, a+b]\/1—Tan[—<e+fx)]2
a+b 2 a-b

a+b

2]\/a+b—aTanE(e+fx”2+bTan[§(e+fx>]2 /

-a+b

fi/b+raCos[e+fx] (d+cCosfe+fx])Sec[e+fx]3?
a+b

1 1 2 1 2)3/2
-1+Tan|~ (e+-Fx>] ] (1+Tan[f <e+-Fx)]
1—Tan[l(e+fx)}2 2 2
2
a+b7aTan[i(e+fx)]2+bTan[i(e+Fx)]2
\ 1+Tan[§(e+fx>]2
Problem 199: Unable to integrate problem.
va+bSec[e+fx]
Jc+d5ec[e+fx}
Optimal (type 4, 220 leaves, 3 steps):
,LZ\/aer Cot[e + fx] EllipticPi[a+b,Ar‘cSin[\/aersec[eJr-FX] }, a+b}

cf a Ja+b a-b

b (1-Secle+fx]) b (1+Secle+fx])
- +
a+b a-b

[2 bc-ad) Ellipticei 2d ’Apcsin[\/l—Sec[e+Fx} 1, 2b ]\/a+b5ec[e+fx}

a+b

c+d 2 a+b

Tan[e + f x] /(c (c+d) f/a+bSec[e+fx] 7Tan[e+fx}2)




106 | Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”~n.nb

Result (type 8, 29 leaves):

dx

J\/a+b5ec[e+fx}

c+dSec[e+fXx]

Problem 201: Unable to integrate problem.

(a+bsSecle+fx])>?
J dx

c+dSec[e+fXx]

Optimal (type 4, 326 leaves, 5 steps):

Ja+bSecle+fx] ] a+b}

\Va+b a-b

b (1-Secfe+fx]) b (1+Secfe+fx]) 1
a+b a-b cf

1
—2b+a+b Cot[e+fx] EllipticF [Ar‘csin [
df

a+b Ja+bSecle+fx] a+b

2a+a+b Cotle+fx] EllipticPi] , ArcSin| ] ]
a Vva+b a-b
b (1-Sec[e+fx]) b (1+Sec[e+fx])
a+b a-b
2d 1-Sec[e+f 2b a+bSecle+f
Z(bc—ad)zEllipticPi[ ,Ar‘cSin[\/ [e+Tx] B ] : [e+Tx]
c+d 2 a+b a+b

Tan[e + f x] /(cd (c+d) f/a+bSec[e+fx] +/-Tan[e+fx]?

Result (type 8, 29 leaves):

3/2

(a+bsecle+fx])
j dx

c+dSec[e+fXx]

Problem 204: Unable to integrate problem.

1

dx

J\/a+bSec[e+1°x} (c+dsecle+fx])

Optimal (type 4, 216 leaves, 3 steps):



Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)”™m (c+d sec)™n.nb | 107

1 a+bSec[e+fx a+b
- 2+/a+b Cot[e+fx] EllipticPi] ,Ar‘cSin[\/ : [e+ 7 x] -

acf a Ja+b “ab
b (1-Sec[e+fx]) b (1+Sec[e+fx])
a+b a-b

.. .. 2d . vJ1-Sec[e+fx] 2b a+bSecle+fx]
2dEllipticPi| , ArcSin| B ] Tan[e+fx}/

a+b

]

c+d V2 a+b a+b

[c (c+d) fJa+bSec[e+fx] +/-Tan[e+fx]?

Result (type 8, 29 leaves):
1

dx

J\/a+bSec[e+1:x1 (c+dsecle+fx])

Problem 205: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j c+dSec[e+fx] dx

a+bSecle+fx])>?

Optimal (type 4, 376 leaves, 6 steps):

1 o . -“Ja+bSec[e+fx] a+b
—————2(bc-ad) Cot[e+fx] E1lipticE[ArcSin| s ]
aba+b f Va+b a-b

b (1-Sec[e+fx b (1+Sec[e+fx 1

( [ ) - ( [ 1) - 2 (bc-ad) Cot[e+fx]
a+b a-b abva+b f

EllipticF [Ar‘cSin [

)

\/a+bSec[e+fx}] a+b]\/b(1—5ec[e+fx]) \/ b (1+Sec[e+fx])

Ja+b a-b a+b a-b
1 b bsS f b
—=-2+/a+b cCotle+fx] EllipticPi[ >, Ar'cSin[\/a+ eclerx) ), 22
a’f a Ja+b a-b
b (1-Sec[e+fx]) b (1+Sec[e+fx]) 2b (bc-ad) Tan[e + fx]
- +
a+b a-b a(az_bz)-F\/a+bSec[e+fx}

Result (type 4, 1491 leaves):

[(b+aCos[e+fx])ZSec[eﬂcx] (c+dsecle+fx])

a (a?-b?) a(a?-b%) (b+aCos[e+fx])
(f (d+cCos[e+fx]) (a+bSec[e+Fx})3/2) +

[2 (-bc+ad)sSinfe+fx] 2 (-b2cSin[e+fx]+abdSin[e+fx])

|/



108 | Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”~n.nb

2 (b+aCos[e+fx1)3/2\/Sec[e+fx] (c+dsecle+fx])

a+b—aTan[i (e+fx)]2+bTan[i (e+1:x)]2

-a+ 1
ab cTan[—(e+fx)]+
1+Tan[§(e+fx)]2 a+b 2
b2 -axb cTan[l(emcfoa2 -axb dTan[—(em‘x)]f
a+b 2 a+b
-a+b 1 1 3 -a+b
ab dTan[f(eHCx | -2ab cTan| = (e+fx)]| +2a’ d
a+b 2 a+b 2 a+b
Tan[l(eJrFxHBJrab -axb cTan[ (e+fx)] - b? -axb cTan[E(eJrFx)]sf
2 a+b a+b 2

=
=

N
N

5 -a+b 5

a dTan|~ (e+fx) *Lab dTan| = (e+fx)]| -
a+b a+b

.5 L. a+ a+b

2ia% c EllipticPi|- ,]lAf‘CSlnh Tan[ = (e+fx)]|], ]

a- a+b a-b

1 5 a+b-aTan| e+1°x] +bTan[ (e+-|:x”2
1-Tan|[~ (e+fx)] +
2

o L. a+ a+b
2i b? c EllipticPi|- , i ArcSinh| Tan[ = (e+fx)]], ]
a- a+b a-b

\/1—Tan[ <e+fx)]2\/a+b—aTan e+Fx] +bTan[ (e+FxH2

.5 L. a+b | . +b
2ia? c EllipticPi[- , 1 ArcSinh| T
a-b +b

J”an[ <e+fx)12Ja”’aTa”B<e+fx>12+man{;<e+fx>r

+b
ZibzcEllipticPi[—ﬂ, i ArcSinh| -axb Tan[1 (e+fx)]], a+b]Tan[
a-b a+b 2 a-b

N =

a+

a+b

1 2
a_b]Tan{E (e+fx)]

b
n[% (e+fx)]],

N |

a

N |

(e+1:x)]2
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2 a+b

\/1Tan[1 <e+fx)]2 \/a+baTan[i (e+fx)]2+b-|-an[§ (e+Fx”2 +

-a+b

a+b

a+b
]

i (a-b) (-bc+ad) EllipticE[iArcSinh| A
a —

Tan| (e+-Fx)H,

N |

\/1—Tan[l <e+fx)]2 [1+Tan[l (e+-FxH2

2 2

[

a+b

EllipticF|i ArcSinh| —a+bb Tan[1<e+fx)H, a+z]\/1—Tan[l(e+fx)]2
a+ 2 a- 2

1 (e+fx)}2] \/a+b—aTan[§ (e+fx)}2+bTan[§ (e+-Fx>]2 /

(1+Tan[—

2 a+b

a —aa++bb (a®-b?) f (d+cCos[e+fx]) (a+bSec[e+fx])*?
1 R 1+Tan[%<e+fx)]2
[—1+Tan[;(e+fXH] 1 Ton[2 (er )]
[a (71+Tan[%(e+fx)]2)7b(1+Tan[§<e+fx)]2J]

Problem 206: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J c+dSec[e+fx] dax

a+bSecle+fx])>?

Optimal (type 4, 495 leaves, 7 steps):
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vJa+bSecle+ fx] a+b

2 (7a’bc-3b>c-4a’d) Cot[e+fx] EllipticE[ArcSin| S ] b]
a+b a-
olaseclert) o larsecle ) | /s 0 byt (b)) -
a+b a-b

va+bSecle+ fx]

2 (6a’bc-ab’c-3b>c-3a’d+a’bd) Cot[e~+fx] EllipticF |ArcSin|

]

\Va+b
a+b}\/b(15ec[e+fx]> \/_b(1+Sec[e+-Fx]) /(Baz(a—b)b(a+b)3/zf)—
a-b a+b a-b

i2\/a+b c Cot[e +fx] EllipticPi[a+b,Ar‘cSin[\/aersec[eJrfx} s a+b]
adf a Jaib a-b
b (1-Secle+fx]) b (1+Secle+fx])
- +
a+b a-b
2b (bc-ad) Tan[e + f x] 2b (7a’bc-3b3c-4a*d) Tan[e + fx]

+

3a (a?-b?) f (a+bSec[e+1‘:x])3/2 3a? (aszZ)ZF\/a+bSec[e+fx}

Result (type 4, 2083 leaves):

[(b+aCos[e+-Fx})3Sec[e+1cx]2 (c+dsecle+fx])

[2 (-7a?bc+3b’c+4a’d) Sin[e+fx] 2 (b>cSin[e+fx]-ab*dSin[e+fx])
3a? (az—b2>2 3a% (a%-b?) <b+aCos[e+-Fx]>2

(2 (-8a*b*cSinfe+fx] +4b*cSin[e+fx] +5a’bdSin[e+fx] —ab3dSin[e+fx])>/

(3a2 (azbz)z(b+aCos[e+fx]))] /(f (d+cCosf[e+fx]) (a+bSec[e+Fx}>5/2)+

2 (b+aCos[e+fx])>?Sec[e+fx]¥? (c+dSecle+fx])

a+b—aTan[i (e+fx)]2+bTan[i (e+fx)]2

1+Tan[§ (e+-Fx>]2

-a+b

cTan[1 (e+fx)]+7a%b? “arb cTan[l (e+fx)]-3ab? —axb c
a+b 2 a+b 2 a+b

7a’b
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-a+b

1 1
Tan| - fx)|-3b* Tan| - fx)|-4a* dTan| — fx)| -
an[2 (e+ x” b C an[2 (e+ x)] a b an[2 (e+ x)]
43D -axb dTan[l<e+fx)]—14a3b - cTan[l(e+fx)]3+
a+b 2 a+b 2
6ab? -axb cTan[1<e+-Fx)]3+8a4 -axb dTan[l(e+fx>}3+
a+b 2 a+b 2
7ab -axb cTan[l<e+1‘:x)]5—7a2b2 - cTan[l(eﬂcx)]s—
a+b 2 a+b 2
3ab3 -axb cTan[1<e+-Fx)]5+3b4 -axb cTan[l(eJrfoS—
a+b 2 a+b 2
43* -axb dTan[l(e+fx)]5+4a3b -axb dTan[l(eﬂCxHS—
a+b 2 a+b 2
61‘1a4cEllipticPi[—ﬂ,J'lAr‘cSinh[ “axb Tan[l(eJr-Fx)H, a+b]
a-b a+b 2 a-b
a+b-aTan[l (e+fx)]*+bTan[L (e+fx)]?
JlTan[1<e+fx>]2J (2 (erfx)) bTan[3 (e fx))°
2 a+b
121‘1a2b2cEllipticPi[fa+b, i ArcSinh| -axb Tan[1 (e+fx)]], a+b]
a-b a+b 2 a-b
a+b-aTan[L (e+fx)]*+bTan[L (e+fx)]?
\/lTan[l(eﬂcx)]z\/ [2( )] {2( )] _
2 a+b
6ib4cEllipticPi[—a+b, i ArcSinh| “axb Tan[1 (e+fx)]], a+b]
a-b a+b 2 a-b
a+b-aTan[L (e+fx)]*+bTan[L (e+fx)]?
Jmanmem)rj (2 (e ] oTon[2 o1 Fx)]*
2 a+b
6ia4cE11ipticPi[—a+b,JiAr‘cSinh[ -axb Tan[l(eﬂcx)H, a+b]Tan{l(e+Fx)]2

a-b a+b 2 a-b 2

+12 1 a%b%c

N |

, |a+b-aTan i e+fx)]*+bTan i e+fx)]?
(MX)]J Trly o2 ) o for 5]

\/1Tan[
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b, i ArcSinh| -axb Tan[l(eﬂcx)]], ath’}Tan[l (e+fx)]2

EllipticPi|-
a-b a+b 2 a-b 2

\/1Tan[
61b4cEllipticPi[—a+b, i ArcSinh| -axb Tan[1 (e+fx)]], aHb]Tan{1 (e+1:x)]2
a-b a+b 2 a-b 2

JlTan[ <e+fx>12Ja+b""Ta”[i<e+fx>12+man{;<e+fx>r

(e+fx)]2 \/a+baTan[; (e+fx)]2+bTan[i (eJr-I:xH2

a+b

N |

N |

a+b

i(a-b) (-7a’bc+3b*c+4a’d) EllipticE[i ArcSinh| +b Tan[1 (e+fx)]], a+b}
a+b 2 a-b
\/1 Tan| e+fx)]2 1+Tan[l(e+fx”2
2
a+b-aTan| (e+-FxH2+bTan{§(e+fo2
a+b i
1(a b -4ab’c-6b3c+3a3 (c—d +a? b 9c+d)>
c . 1 a+b 1 2
EllipticF[i ArcSinh| Tan[ = (e+fx)]], }\/1Tan[(e+fx)]
a+b 2 a-b 2

1+Tan — e+fx

( 1 \/a+b aTan| (e+-FxH2+bTan[§(e+-FxH2 /

N

a+b

307 |12 (a2-02)7 (. cCosfen fx)) (arbSecies Fx])*
a+
1+Tan|[L (e+fx)]?
(—1+Tan[l(e+fx>}2] [2< )]2
2

1—Tan[§ (e+Fx)]

(a (—1+Tan[% (e+fx”2) -b (1+Tan[% <e+-Fx)]2J]

Problem 207: Unable to integrate problem.
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J\/a+bSec[e+fx] vc+dSecle+ £x] dx

Optimal (type 4, 389 leaves, 3 steps):

1
-—2+/c+d Cot[e+fXx]
Vva+b f

EllipticPi|

a(c+d)

. Va+b \/c+dSec[e+fx]
,Ar‘CSln[
(a+b)c ve+d Va+bSec[e+fx] (a+b) (c-d

(bc-ad) (1-Secle+fx]) (bc-ad) (1+Secle+fx])
(c+d) (a+bsecle+fx]) (c-d) (a+bsec[e+fx]) /ﬂf
c+d

ﬁ \Jc+dSecle+fx]

» ArcSin| ]s
(a+b)d va+bSec[e+fx] (a+b) (C_d)

J_ (bc-ad) (1-Secle«fx]) \/(bcad) (1+Secle+fx])

(c+d) (a+bsecle+fx]) (c-d) (a+bsecle+fx])

b(c+d>

2Cotle+fx] EllipticPi|

(a+bsec[e+fx])

Result (type 8, 31leaves):

J\/a+bSec[e+fX] Vc+dSec[e+fx] dx

Problem 208: Result more than twice size of optimal antiderivative.

vJa+bSec[e+fx]
| ax

\Jc+dSecle+fx]
Optimal (type 4, 198 leaves, 1step):

N

Ja+b cf

+d -b +d

2mCot[e+fx] EllipticPi[a < ),Ar‘cSin{\/aer\/C+dsec[e+{X] }, (a ) (c )}

(a+b)c Jec+d va+bSecle + fx] (a+b) (c-d

\/_ (bc-ad) (1-Secle+fx]) \/ (bc-ad) (1+Secle+fx])

(a+bsecle+fx])
(c+d) (a+bsSec[e+fx]) (c-d) (a+bsecle+fx])

Result (type 4, 554 leaves):
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1

4 (bc-ad) vJd+cCos[e+fx] Va+bSec[e+Tfx]

fv/b+aCos[e+fx] vc+dSecle+fx]

c-d bc-ad

\/ (c+d)Cot[§ (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[i (e+fx)]2

\/ (a+b) (d+cCos[e+fx]) Csc[i (e+Fx)]2

Cscle +fx]
bc-ad
(a+b) (d+cCos[esfx]) Csc| L (esfx) ]2
L . - bc-ad 2 (bc-ad)
EllipticF [ArcSin| B ]
V2 (a+b) (c—d)

Sin[l(eJrFx)f/(<c+d>\/b+aCos[e+-FX} v/d+cCos[e+fx] )*
2

a\/ (c+d)Cot[% (e+-FxH2 \/(c+d) (b+aCos[e+Fx])Csc[% (e+-FxH2

c-d bc-ad

\/ (a+b) (d+cCos[e+fx})Csc[%(e+fx)]2
_ Cscle+fx]
bc-ad

(a+b)(d+cCos[e+fx])Csc[;(e+fx)r
B bc-ad

bec- 2 (bc-ad)
EllipticPi| , ArcSin| ls

(a+b)c V2 (a+b) (c—d)}

Sin[l(eﬁ:x)r/((a+b)cx/b+aCos[e+Fx] \/d+cCos[e+-Fx])
2

Problem 209: Result more than twice size of optimal antiderivative.

3/2

J va+bSecle+ fx]
(

c+dSec[e+fx])

Optimal (type 4, 598 leaves, 5 steps):
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1

,?ZmCot[ewa}
a+b c2f
a(c+d) vJa+b v/c+dSec[e+fx] (a-b) (c+d)

E1lipticPi| , Arcsin ]5

(a+b)c ve+d Va+bSec[e+fx] (a+b) (c-d

\/_ (bc-ad) (1-sec[e+fx]) \/ (bc-ad) (1+Secle+fx])

(c+d) (a+bsecle+fx]) (c-d) (a+bsec[e+fx])

(a+bSecle+fx]) -

ve+d Va+bSec[e+ fx] ]
vJa+b \/c+dSec[e+fx] ’ <a—b) (C+d>

/

[2 Va+b dCot[e+fx] EllipticE [Ar‘cSin [

(bc-ad) (1-Secle+fx])
(1+sec[e+fx])
(a+b) <c+dSec[e+-Fx})

(bc-ad) (1+Secle+fx])
(a-b) (c+dsecle+fx])

[c (c—d)mf\/—

vJc+d va+bSec[e+fx]
vJa+b +/c+dSec[e+fx] (a—b) (C+d>

[2 (a-b) a+b dCotle+fx] EllipticF|ArcSin|

\/ (bc-ad) (1-Secle+fx]) \/ (bc-ad) (1+Secle+fx])

(a+b) (c+dsSec[e+fx]) (a-b) (c+dsSec[e+fx])

(c+dsec[e+fx])

/(c (c—d)ﬁ(bc—ad)f)

Result (type 4, 1678 leaves):
1

(c-d) (c+d) fVb+aCos[e+fx] (c+dSecfe+fx])>?
(d+cCos[e+fx])>?secle+fx]/a+bSec[e+Fx]

abc (bc-ad) \/ (c+d) Cot[i (e+fx)]2 J (c+d) (b+aCos[e+fx]) CSC[% <e+fx)]2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc[® (e+fx”2
- 2 Cscle + fx] EllipticF |

bc-ad



116 | Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)™m (c+d sec)”~n.nb

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) 2

- bc-ad 2 (bc-ad) o1 4
> , (a0) (c7d)}51n[;(e+fx)] /

ArcSin|

((a+b) (c+d)+/b+aCos[e+fx] Vd+cCos[e+fx] )+4(bc—ad) (ac+bd)

\/(c+d) Cot[% (e+fx)]2 \/(c+d) (b+aCos[e+fx])Csc[§ <e+fx)]2

c-d bc-ad

\/_ (a+b) (d+cCos[e+Ffx]) Csc[i (e+fx)]2

Cscle+fx] EllipticF|
bc-ad

(a+b) (d+c Cos[e+fx]) Csc{% (e+f x) r
- bc-ad 2 (bc-ad)

NEY " (a+b) (c-d)

Ar‘cSin[

((a+b) (c+d) vVb+aCos[e+fx] Vd+cCos[e+fx] )—

\/ (c+d) Cot[i (e+1‘x)]2 \/ (c+d) (b+aCos[e+Fx}>Csc[i (e+fx)]2

c-d bc-ad

Cscle + fx]

7 (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc{% (e+f x) 2

. .. .rbc-ad , - bc-ad 2 (bc-ad)
E111pt1cP1[ R Ar‘cSm[

(a+b)c Ne " (a+b) (c-d)

]

Sin[l(eJr-Fx)r/((a+b)C\/b+aCos[e+-Fx} \/d+cCos[e+-Fx]) +
2

-a+b

2ad

(a+b) Cos|

N |

(e+fx)]~/d+cCosle+fx]
a+b
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ESin[;(e+fx)]], 2 (bc-ad) } /

(—a+b) (C+d)

EllipticE [ArcSin|
b+aCosfe+f x

a+b

b+aCos[e+fXx]

a+b

aCJ (a+b) Cos[i (e+fx)]2

b+aCos[e+fx]

/b+acCos[e+fx] \/

+b) (d+cC +f
(a )( cCose X]) _iz(bc—ad) (bc+(a+b)d)
(c+d) (b+aCos[e+fx]) ac

\/ (c+d)Cot[§ <e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[% (e+fx)]2

c-d bc-ad
(a+b) (d+cCos[e+fx])Csc|2 <e+fx)]2
- 2 Cscle+ fX] EllipticF[Ar‘cSin[
bc-ad
\/ (a+b) (d+cCos[e+‘Fx])Csc“—(m‘Fx)]Z
bc-ad 2 (bc-ad) }Sln[l(ewaH /
VZ " (a+b) (c-d) 2

((a+b) (c+d) Vb+aCos[e+fx] v/d+cCos[e+fx] )— (bc+ad)

\/ (c+d)Cot[§ (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[i (e+fx)]2

c-d bc-ad

- Cscle+fXx]

(a+b) (d+cCos[e+fx]) Csc[i <e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc{i— (e+‘Fx)}2
B bc-ad

. s o.pbC- .
EllipticPi| , ArcSin|

(a+b)c V2 )
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]Sin[% (e+Fx)]4 /((a+b) cvVb+aCos[e+fx]

d+ccC fx] Si £
\/d+CCOS[e+'FX}) +\/ +cCos[e+fx] Sin[e+ fX] .

cVb+aCos[e+fx]

2d (d+cCos[e+fx])Va+bSec[e+fx] Tan[e+fx]

(—c2+d2> f <c+dSec[e+-Fx}>3/2

Problem 210: Result more than twice size of optimal antiderivative.

vJa+bSecle+ fx]
J dx

(c+dsecle+fx])®>?

Optimal (type 4, 899 leaves, 7 steps):
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(bc-ad) (1-Cos[e+fx])
(a+b) (d+cCos[e+fx])

2(a-b)a+b d (6bc3—7ac2d—2bcd2+3ad3)\/—

bc-ad) (1+C +f
_( c-ad) | osfe+fx]) (d+cCosfe+fx])>*Cscle+fx]
(a-b) (d+cCos[e+fx])
+b -d
Ellip‘cicE[Arcsin[\/c+d Vb-aCos(e+fx] B (a+b) (c )}\/a+bSec[e+-Fx] /

va+b /d+cCos[e+fx] (a-b) (c+d

(3c2 (c—d)2 (c+d)?? (bc—ad)zf\/b+aCos[e+fx1 \Jc+dSec[e + fx] )+

[2\/a+b (bc® (3c?+3cd-2d*) -ad (9c>-2c*d-6cd®*+3d?))

\/_ (bc-ad) (1-Cos[e+fx]) \/_ (bc-ad) (1+Cos[e+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

(d+cCosfe+Fx])>?Cscle+fx]

Vc+d \/b+aCos[e+fx]
Ja+b +/d+cCosfe+fx] (a—b) (‘:*d

EllipticF [ArcSin| | Va+bsec[e+fx]

/

(3c3 (c-d)? (c+d)*? (bc-ad) f\Vb+aCos[e+fx] \/c+dSec[e+fx] )—

[ \/ (bc-ad) (1Cos[e+1‘x])\/ (bc-ad) (1+Cos[e+fx])
2+a+b - -

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

b
+cCos[e+fx] Csc[e+fx] EllipticPi ar c)
; (a-b)
a(c+d)
Vc+d V/b+aCos[e+fx] (a+b) (c-d

Ar‘cSin[

1

| Va+bsec[e+fx]
VJa+b A/d+cCos[e+fx] (a-b) (c+d)

/

(csx/c+d fvb+aCos[e+fx] Vc+dSec[e+fx] )+

2d2+/a+bSec[e+fx] Sinfe+fx]

3c(c?-d?) f (d+cCosfe+fx])~/c+dSec[e+fx]

Result (type 4, 1960 leaves):

3 2 2d?Sinfe + f x]
(d+cCos[e+fx])°Secle+fx] va+bSecle+ fx] -

3¢ (c2-d?) (d+cCosle+fx])?

(2 (6bc*dsSin[e+fx] -7ac*d*Sin[e+fx] -2bcd’®Sinfe+fx] +3ad4Sin[e+-Fx}))/

/

(3c (bc-ad) (c2-d?)? (d+cCos[e+fx]))]
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(-F (c+dSec[e+-Fx])5/2) + (d+cCos[e+-Fx])S/ZSec[e+Fx]2\/a+bSec[e+-Fx}

4(bc—ad) (3b2c4—3abc3d—a2c2d2+bzczdz—abcd3+a2d4)

\/ (c+d) Cot[% (e+fx)]2 \/ (c+d) (b+acCos[e+fx]) Csc{% (e+1°x)]2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc|> <e+fx)]2
- 2 Cscle +fx] EllipticF|

bc-ad
\/ (a+b) (d+c Cos[e+fx]) Csch (e+f X)V
- _ 2 (bc-ad
ArcSin]| berad , (be-ad) ]Sln[l(ewa)r/
2 (a+b) (c-d) 2

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )+
4(bc—ad) <3abc4—3a2c3d+6b2c3d—7abc2d2—azcd3—2b2cd3+4abd4)

\/ (c+d) Cot[% (e+fx”2 \/ (c+d) (b+aCos[e+fx]) Csc[% (e+FxH2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc[® (e+1°x”2
- 2 Cscle+fx] EllipticF|

bc-ad

(a+b) (d+cCoslesfx]) Csc| (esfx) ]2
- bc-ad 2 (bc-ad)

V2 " (a+b) (c-d)

Ar‘cSin[

\/ (c+d) Cot[% (e+-FxH2 \/ (c+d) (b+aCos[e+fx])Csc[§ (e+-Fx>]2

bc-ad
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\/ (a+b) (d+cCos[e+-Fx])Csc[i(e+-FxH2  _bc_ad
- Cscle+fx] EllipticPi| s
bc-ad (a+b)c

(a+b) (d+c Cos[e+f x]) Csc[% (e+f x) ]2
- bc-ad 2 (bc-ad)

V2 " (a+b) (c-d)

Ar‘cSin[

(<a+b) cvVb+aCos[e+fx] ~/d+cCos[e+fx] ) +2(6abc*d-7a>c*d’-

-a+b

2abcd®+3ad*) (a+b) Cos|

N R

(e+fx)]~/d+cCosle+fx]
a+b

Esm[i(eﬂcx”}) 2 (bc-ad) ]/

(7a+b) (C+d>

EllipticE [ArcSin|
b+aCos[e+fx

a+b

a+b)cCos[t(e+fx)]’
ac\l( > [2( H Jbiacosies fx] \/b+aCos[e+fx]
b+acCos[e+fXx] a+b
b) (d C f
(axb) (dvcCostefxI) | 21, pc aay||(bee (arb)q)
(c+d) (b+acCos[e+fx]) ac

Cc- bc-ad

\/ (c+d)Cot[% (e+FxH2 \/(c+d) (b+aCos[e+Fx])Csc[% (e+-FxH2
d

_ Cscle+fx]

(a+b) (d+cCos[e+fx]) Csc[i (e+FxH2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) r
o . - bc-ad 2 (bc-ad)
EllipticF [ArcSin| s ]

V2 (a+b) (c-d)
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Sin| (e+fx>]4 /((a+b) (c+d) Vb+aCos[e+fx]

N | R

(c+d) Cot[% (e+fx)]2

v/d+cCos[e+fx] )— (bc+ad)\/

c-d

(c+d) (b+aCosle+fx]) Csc[i <e+fx)]2
bc-ad

(a+b) (d+cCos[e+Ffx])Csc|> (eJr-I:xH2
- 2 Cscle+fx] E1lipticPi|

bc-ad
\/ (a+b) <d+cCos[e+fx])CscE(eﬂcx)]z
_ - _ 2(bc-ad
bc ad,Ar‘cSin[ berad > ( < e ) ]
(a+b)c V2 (a+b) (c-d

Sin[l(ewa)]4 /((a+b)C\/b+aCos[e+-FX] \Jd+cCos[e+fx]
2

Jd+cCos[e+fx] Sin[e+fx] /( ,
3¢ (c-d)

cvb+aCos[e+fx]

(c+d)2 (bc-ad) fvVb+aCos[e+fx]
(c+dSec[e+-Fx])5/2)

Problem 211: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+fx])3/2

(c+dSec[e+-Fx])3/2

Optimal (type 4, 744 leaves, 6 steps):
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2 (a-b) Vaib _(bc—ad) (1-Cos[e+fx])
(a+b) (d+cCosfe+fx])

bc-ad) (1+C +f
_( c-ad) ( osfe+x]) (d+cCosfe+fx])>*Cscle+fx]
(a—b) <d+cCos[e+-Fx]>
+b -d
Ellip‘cicE[ArcSin[\/c+d Vb-aCos(e+fx] B (a+b) (c )}\/a+bSec[e+-Fx] /
a+b +/d+cCos[e+fx] (a-b) (c+d

(c (c-d) vVec+d fA/b+acCos[e+fx] Vc+dSecle+fx] ) -

(bc-ad) (1-Cos[e+fx])

[Zm(bc—a (Zc—d))\/—

(a+b) <d+cCOS[e+'FX]>

bc-ad) (1+C f
_( c-a )( +Cos[e+ X]) (d+cCos[e+'FX])3/2CSC[e+fX]
(a-b) (d+cCos[e+fx])
Vcrd VbraCos[e+fx] ; (a+b) (c-d

EllipticF [Ar‘cSin [

}\/a+bSec[e+-Fx]

/

Va+b /d+cCos[e+fx] (a—b) (C+d)

(c2 (c-d)c+d f/b+aCos[e+Ffx] c+dSecle+Ffx] )7

[Za STh \/_(bc—ad) (1-Cosfe+fx]) \/_(bc—ad) (1+Cosfe+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

b
(d+cCos[e+Ffx])>?Cscle+fx] Elli[;)ticpi[<a+ >C,
a(c+d)
b d
Ar‘cSin[\/“d Vb +acCos[e+fx] L (a+ )(c )}\/a+b5ec[e+fx] /
Va+b v/d+cCos[e+fx] (a-b) (c+d)

(czx/c+d fi/b+acCos[e+fx] vc+dSecle+Fx] )

Result (type 4, 1720 leaves):
(2 (d+cCos[e+fx]) (a+bSec[e+fx])>? (-bcSinfe+fx] +adSin[e+fx])>/
((—c2+d2)f(b+aCos[e+Fx1) (c+dSec[e+fx})3/2)+
1
(c-d) (c+d) f(b+aCosfe+Ffx])>? (c+dSecle+Ffx])>?
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(d+cCosfe+fx])*? (a+bSecle+fx])*?||4 (bc-ad) (abc-b?d)

\/ (c+d) Cot[i (e+fx”2 \/ (c+d) (b+aCos[e+fx])Csc[§ (e+fx”2

bc-ad

\/ (a+b) (d+cCos[e+-Fx])Csc[i(e+-FxH2 o
- Cscle+fx] EllipticF|

bc-ad
(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
ArcSin| ] perad ] 2(bc-ad) }Sin[l(eﬂcx)]z‘/
T Cfasb) o) 2

((a+b) (c+d)+/b+aCos[e+fx] Vd+cCos[e+fx] )+4(a2c—b2c) (bc-ad)

\/(c+d) Cot[% (e+fx)]2 \/(c+d) (b+aCos[e+fx])Csc[§ <e+fx)]2

c-d bc-ad

(a+b) (d+cCos[e+fx])Csc[? (e+fx)]2
- 2 Cscle+fx] EllipticF|

bc-ad

(a+b) (d+c Cos[e+fx]) CscE (e+f x) ]2
- bc-ad 2 (bc-ad)

V2 (a+b) (c-d

Ar‘cSin[

((a+b) (c+d) vVb+aCos[e+fx] Vd+cCos[e+fx] )—

\/ (c+d) Cot[i (e+1‘x)]2 \/ (c+d) (b+aCos[e+Fx}>Csc[i (e+1cx)]2

c-d bc-ad

Cscle + fx]

) (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc{% (e+f x) ]2
. ,.  .rbc-ad . - bc-ad 2 (bc-ad)
EllipticPi [ , ArcSin [ R }

(a+b)c NP (a+b) (c-d)
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Sin[

N |

(e+-FxH4 /((a+b)cx/b+aCos[e+Fx} vVd+cCos[e+fx] ||+

2 (-abc+a’d) -axb (a+b)Cos[l(e+-Fx)]\/d+cCos[e+fx]
a+b 2
-a+b . 1
;—b51n[;(e+fx)] 2 (bc-ad)
EllipticE[ArcSin[ ], //

beaCos(esfx] (—a+b) (C+d)

a+b

a+b)Cos[L (e+fx)]?
aCJ ( ) [2< )] Jbracosierfx] \/b+aCos[e+Fx]

b+aCos[e+fXx] a+b

+b d+cC +f
(a+b) (d+cCosfe+fx]) _iLz(bc—ad) (bc+ (a+b)d)
(C+d) (b+aCos[e+-Fx]) ac

\/ (c+d)Cot[§ <e+fx)]2 \/(c+d) (b+aCos[e+fx])Csc[i (e+fx)]2

c-d bc-ad

(a+b) (d+cCos[e+fx])Csc[® (e+fx)]2
- 2 Cscle+fx] EllipticF [ArcSin]

bc-ad

\/ (a+b) (d+c Cos[e+fx]) Csc[;— (e+f x) ]2

bc-ad Z(bc—ad) o1 4
\/? , (o) <c7d)}51n[;(e+fx” /

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )— (bc+ad)

\/ (c+d)Cot[§ <e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[% (e+fx)]2

bc-ad
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Cscle+ fX]

\/ (a+b) (d+cCos[e+fx]) Csc[i <e+fx)]2

bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) }2

. . .- bc-ad . bc-ad
E111pt1cP1[7, Ar‘cSm[ } >
(a+b)c A2
2(bc-ad
M]sin[l(emcx)]4 /((a+b)cx/b+aCos[e+fx}
(a+b) (c—d) 2

\Jd+cCos[e+Ffx] Sin[e+fx]

\/d+cCos[e+fx] ) +
cV/b+aCos[e+fx]

Problem 212: Result more than twice size of optimal antiderivative.

(a+bSec[e+fx])>?
J dx

(c+dSecle+fx])®>?

Optimal (type 4, 919leaves, 7 steps):
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(bc-ad) (1-Cos[e+fx])
(a+b) (d+cCosfe+fx])

Z(a—b) va+b (3bc3—7ac2d+bcd2+3ad3)\/—

bc-ad) (1+C +f
_( c-ad) osfe +fx]) (d+cCos[e+-Fx])3/2Csc[e+fx1
(a-b) (d+cCos[e+fx])
+b d
Ellip‘cicE[ArcSin[\/c+d Vb-aCos(e+fx] B (a+b) (c | Va+bSecle+fx] /
a+b +/d+cCos[e+fx] (a-b) (c+d

(3c2 (c—d)2 (c+d>3/2 (bc-ad) f/b+aCos[e+fx] vc+dSecle+fx] )

[2x/a+b (bzc3 (3c+d)—2abc2 (3c2+2cd—d2)+a2d(9c3—2c2d—6cd2+3d3))

(bc-ad) (1-Cos[e+fx]) (bc-ad) (1+Cos[e+fx])
(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

3/2

(d+cCos[e+fx])>“Cscle+fx]

(a+b) (c-d

vJe+d Vb+aCos[e+fx] ]

EllipticF[Ar‘cSin[
Ja+b +/d+cCosfe+fx] (a-b) (c+d)

| Va+bsec[e+fx]

/

(3c3 (c-d)?(c+d)*? (bc-ad) f\V/b+aCos[e+fx] +/c+dSec[e+fx] )—

{Za STh \/(bc—ad) (1-Cosfe+fx]) \/(bc—ad) (1+Cosfe+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

b
+cCosfe+fx] Csc[e +fx] EllipticPi ar C,
; ()
a(c+d)
Vc+d Vb+aCos[e+fx] (a+b) (c-d)

ArcSin|

]5

| Va+bsec[e+fx]
vJa+b +/d+cCosfe+fx] (a—b) <C+d

/

(c3\/c+d fi/b+acCos[e+fx] vc+dSec[e+fx] )—

2d (bc-ad) vJa+bSec[e+fx] Sin[e+ fx]

3¢ (c2-d?) f (d+cCosfe+fx])~/c+dSec[e+fx]

Result (type 4, 1930 leaves):

2 (-bcdsi f d? Si f
(d+cCos[e+Fx1)35ec[e+fx] (a+bSec[e+fx])3/2[ [-bcdsinfe+fx) +a nies X]>+
3¢ (c2-d?) (d+cCosfe+fx])?

(2 (3bc*sin[e+fx] -7ac*dSin[e+fx] +bcd®Sin[e+fx] +3ad3Sin[e+fx]))/

(3c <c27d2)2 (d+cCos[e+fx]))

]/ (f(b+aCos[e+fx}> (c+dSec[e+fX]>5/z) .
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1
3c(c-d)? (c+d)?f (b+raCos(e+Ffx])>? (c+dSecle+Ffx])>?

(d+cCosfe+fx])>?Secle+fx] (a+bSecle+Ffx])>?

4(bcfad) (3abc3+a2c2d74b2c2d+abcd27a2d3>

\/<c+d) Cot[i (e+fx”2 \/ (c+d) (b+aCos[e+Fx])Csc[i (e+fx”2

c-d bc-ad

Cscle+fx] EllipticF|

) (a+b) (d+cCosle+fx]) Csc[% (e+-FxH2
bc-ad

1 2
(a+b) (d+c Cos[e+fx]) Csc[; (e+f x)}

bc-ad Z(bc—ad) . l 4
o o (C_d)}sln[z (exfx)]"| /

ArcSin|

((a+b) (c+d)+/b+aCos[e+fx] Vd+cCos[e+fx] )+
4 (bc-ad) (3a°c*-3b’°c*+4abc’®d+a’cd*-b’cd*-4abd?®)

\/(c+d) Cot[% (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[§ <e+fx)]2

c-d bc-ad

\/_ (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2

Cscle+fx] EllipticF|
bc-ad

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
- _ 2 (bc-ad
bead ], 2lbc-ad) ]Sin[l(e+fx)]“/
V2 (a+b) (c-d) 2

ArcSin |

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )—

\/ (c+d) Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx}>Csc[i (e+fx)]2

c-d bc-ad
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Cscle+fX]

) (a+b) (d+cCos[e+fx]) Csc[% <e+-Fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) r
... . bc- . bc-ad 2 (bc-ad)
EllipticPi [ , ArcSin [ R

(a+b)c V2 (a+b) (c-d)

]

Sin[l(eﬂcx)f/((a+b)cx/b+aCos[e+fx} \/d+CCOS[e+'FX]> +
2

-a+b

2(-3abc®+7a’c?d-abcd®-3a?d?) (a+b) Cos|

N |

aib (e+'FXH

Esin[i(eJrfx)]]J 2 (be-ad) }/

<—a+b) (c+d)

V/d+cCosfe+fx] EllipticE|ArcSin|
b+aCos[e+f x

a+b

b+acCos[e+fXx]

(a+b) Cos[2 (e+fx)]2
ac 2 v/b+aCos[e+fx]

b+aCos[e+fx] a+b
+b) (d+cC +f
(a+b) (d+cCose+fx]] ~ L a(bcad) |[(bes (arb) )
(c+d) (b+aCos[e+fx]) ac

\/ (c+d)Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[i (e+fx)]2

c-d bc-ad

- Cscle+fx] EllipticF [ArcSin|

(a+b) (d+cCosle+fx]) Csc[i <e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) ]2
- bc-ad 2 (bc-ad)

VZ " (a+b) (c-d)
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“a+b)(c+d)%b+aCoﬂe+fx]‘Jd+cCoﬂe+fx])— (bc+ad)

J k+d)cmﬂ§(e+fxﬂz J ﬁ+d>(b+aCoﬂe+fx])Cx{%(e+fo2

bc-ad

J (a+b)(d+cCoﬂe+fx])Cx{i<e+fo2
_ Cscle+ fX]
bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) r

Ellipticpi[ 2529 Arcsin] —— ]
(a+b)c’ 2 ’
?§%§i§%%y]sm[i(e+fxﬂ4//((a+b)cdb+a€oﬂe+fm

vd+cCos[e+fx] Sin[e+fx]

Vd+cCosm+fx}) +
cvVb+aCosfe+fx]

Problem 213: Result more than twice size of optimal antiderivative.

(a+bSec[e+fx])>?
J dx

(c+dsec[e+fx])""?

Optimal (type 4, 1122 leaves, 8 steps):
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2(a—b) a+b

(Zabcd (35c4—8c2d2+5d4) - a%d? (58c4—41c2d2+15d4) - b? (15c6+19c4d2—2c2d4))

\/ (bc-ad) (1-Cos[e+fx]) \/ (bc-ad) (1+Cosle+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

(d+cCos[e+fx])?>?

Cscle +fx]

EllipticE [Ar‘cSin [

d
Jc+d v/b+aCos[e+fx] )}\/a+bSec[e+'FX] /
Ja+b +/d+cCosfe+fx] (a-b) (c+d)

(15(:3 (c-d)? (c+d)*? (bc-ad)>f~/braCos[e+fx] Vc+dSec[e+fx] )_

[2\/a+b (b>c® (15c*+10c®d+9cd®-2d*) -2abc? (15c*+20c>d-4c?d*-4cd’+5d%) +

(bc-ad) (1-Cos[e+fx])

azd(60c5—2c4d—66c3d2+25c2d3+30cd4—15d5))\/— a:b) (d )
a+ +cCos[e+fx]

bc-ad) (1+C f
J (<C ba; (>d< +c 05[[91 );])) (d+cCosfe+fx])**Cscle+Fx]
a- +cCos[e+fx
Vc+d \V/b+aCos[e+fx] (a+b) (C_d)

EllipticF [ArcSin|

15

vJa+bSecle+ fx]
va+b +/d+cCos[e+fx] (a-b) (c+d }

/

(15¢* (c-d)® (c+d)*? (bc-ad) fv/b+aCos[e+fx] VcrdSece+fx] |-

bc-ad 1-¢C +F bc-ad 1+C +f
[Za a+b\/—( c-ad) (1-Cosfe+fx]) J_( c-ad) (1+Cos[e+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

b
+cCosfe+fx] Csc[e+fx] EllipticPi 2 c)
; (a+b)
a(c+d)

Vc+d v/b+aCos[e+fx] (a+b) (c-d)

Ar‘cSin[

]

| Va+bsec[e+fx]
a+b /d+cCos[e+fx] (a-b) (c+d)

/

(c4\/c+d fi/b+aCos[e+fx] vVc+dSec[e+fx] )+

2d? (b+aCos[e+Fx}) va+bSec[e+fx] Sin[e+fx]

5c(c2-d?) f (d+cCosfe+fx])*+/c+dSec[e+Fx]

(Zd (16bc*-13ac’d-2bcd?’+5ad®) /a+bSecle+fx] Sin[e+fx])/

(15c2 (cz—d2>2f(d+cCos[e+fx}) Vc+dSecle + fx]

Result (type 4, 2355 leaves):
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1 (d+cCos[e+~Fx])4

f(b+aCos[e+fx]) (c+dSec[e+fx])"?
2 (-bcd?*sinfe+fx] +ad®Sin[e+fx])

Sec[e+fx]? (a+bSecle+fx])>? |-

5c? (c2-d?) (d+cCos[e+fx])>
(4 (5bc’dsSinfe+fx] -8ac*d*Sin[e+fx] -bcd’Sin[e+fx] +4ad4Sin[e+fx]))/
(15c2 (cz—dz)2 (d+cCos[e+fx})2) +
(2 (15b*>c®sin[e+fx] -70abc>dSin[e+fx] +58a*c*d*Sin[e+fx] +
19b%c*d?Sin[e+fx] +16abc3d®Sin[e+fx] -41a%c?d*Sin[e+fx] -
2b2c?d*Sin[e+fx] -10abcd®Sin[e+ fx] +15a2dGSin[e+fx]))/

(15c2 (bc-ad) (cz—dz)3 (d+cCos[e+-Fx}>) +

(d+cCos[e+fx])"*secle+fx]? (a+bSec[e+fx])>?

1

(a+b) (c+d)/b+aCos[e+fx] vd+cCos[e+fx]
4(bc—ad) (—15ab2c6+5a2bc5d+25b3c5d+13a3c4d2—38ab2c4d24r
25a’bc*d®+7b°?d®-18a*c?d* - 11ab*c?d*+2a*bcd® +5a% d°)

\/ (c+d) Cot[% (e+-FxH2 \/ (c+d) (b+aCos[e+fx]) Csc[% (e+-FxH2

c-d bc-ad

Cscle+fx] EllipticF|

\/_ (a+b) (d+cCosle+fx]) Csc[i (e+fx”2

bc-ad
(a+b) (d+c Cos[e+fx]) Csc[% (e+‘Fx)}2
ArcSin| ] berad ] 2 (bc-ad) }Sin[l(e+fx)]4+
V2 (a+b) (c-d) 2

4(bc-ad) <-15a2bc5+15b3c5+15a3c5d-55ab2c5d+33a2bc4d2+19b3c4d2+
13a3c3d3+35ab2c3d3—70a2bc2d4—2b3c2d4+4a3cds—lzabzcd5+2032bd6)

\/(c+d)Cot[i (e+fx”2 \/(c+d) (b+aCos[e+Fx})Csc[i (e+fx”2

c-d bc-ad
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(a+b) (d+cCosfe+fx]) Csc|? (e+Fx”2
- 2 Cscle+ fXx] EllipticF[

bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) ]Z
- bc-ad 2 (bc-ad)

V2 (a+b) (c-d)

ArcSin|

((a+b) (c+d) Vb+aCos[e+fx] Vd+cCos[e+fx] )7

\/ (c+d) Cot[% (eJr-I:xH2 \/ (c+d) (b+aCosle+fx]) Csc[% (e+-Fx>]2

c-d bc-ad

Cscle + fXx]

) (a+b) (d+cCosle+fx]) Csc[% (e+-FxH2
bc-ad

\/ (a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V

. .. . bc-ad . bc-ad 2 (bc-ad)
EllipticPi| , ArcSin| s ]
(a+b)c V2 (a+b) (c-d)
1 4
Sin[;(eﬂcx)] /((a+b)C\/b+aCos[e+fx] \/d+cCos[e+fx]) +

2 (15ab2c6—7@a2bc5d+58a3c4d2+19ab2c4d2+16a2bc3d3—41a3c2d4—2ab2c2d4—

-a+b

(a+b) Cos[1 (e+fx)]~/d+cCosle+fx]

10a2bcd5+15a3d6)
a+b 2

EllipticE [ArcSin|

/ﬁ Sin[%(eﬂcx)} 2 (be-ad]
) (-a+b) (c+d)] /

b+aCos[e+fx
a+b

b+acCos[e+fx]

ac\l (a+b) Cos[% (e+-FxH2

b+acCos[e+fXx]

vb+acCos[e+fx] \/

a+b
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+b) (d+cC +f
(a ) ( cCos|e XH _iLz(bc—ad) (bc+(a+b)®
(c+d) (b+aCos[e+fx]) ac

J @+d)cmﬂ§(e+fxﬂz J @+d)(b+a05[e+FM)Csﬂ§(e+foz

bc-ad

(a+b)(d+cCosm+fx})Cyﬂl(e+FxH2
_ 2 Cscle + fXx]

bc-ad
(a+b) (d+c Cos[e+fx]) Csc{% (e+~Fx)}2
L . - bc-ad 2 (bc-ad)
ElllptlcF[APCSln[ B }
V2 (a+b) (c—d)

ﬁn[i(e+fx>r'//“a+b)(c+d)Vb+aCosM+Fx]

(c+d)Cmﬂi(e+FxH2

Vd+cCoﬂe+fx])f (bc+ad)J
c-d

(c+d)(b+aCoﬂe+fx])Cu{i(e+fo2
bc-ad

(a+b)(d+cCosm+fx})Cﬂﬂl(e+fXH2
- 2 Cscle+fx] EllipticPi|

bc-ad
(a+b) (d+c Cos[e+fx]) CSCB— (eﬂcx)}2
bc-ad , j bcad 2 (bc-ad)
, ArcSin| s
(a+b)c V2 (a+b) (c-d)

ﬁn[—(e+fx)r //“a+b)ch+aCoﬂe+fx]—Jd+cCoﬂe+fx]) +
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vJd+cCos[e+fx] Sin[e+fx] /(15c2 (c-d)’
cvVb+acCos[e+fx]

(c+d)?® (-bc+ad) f (b+aCos[e+fx])>?
(c+dSec[e+fx])7/2)

Problem 214: Result more than twice size of optimal antiderivative.

(a+bsecle+fx])>?
J dx

(c+dsecle+fx])>?

Optimal (type 4, 891 leaves, 7 steps):
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(bc-ad) (1-Cos[e+fx])
(a+b) (d+cCos[e+fx])

Z(a—b) va+b (7ac2—4bcd—3ad2)\/—

bc-ad) (1+C +f
_( c-ad) osfe +fx]) (d+cCos[e+-Fx])3/2Csc[e+fx1
(a-b) (d+cCos[e+fx])
+b d
Ellip‘cicE[ArcSin[\/c+d Vb-aCos(e+fx] B (a+b) (c | Va+bSecle+fx] /
a+b +/d+cCos[e+fx] (a-b) (c+d

(3c2 (c—d)2 (c+d)3/2f\/b+aCos[e+-Fx] Jc+dSecle + fx]

+

[2x/a+b (bzc2 (c+3d)—abc (7c2+4cd—3d2)+a2 (9c3—2c2d—6cd2+3d3))

(bc-ad) (1-Cos[e+fx]) (bc-ad) (1+Cos[e+fx])
(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

3/2

(d+cCos[e+fx])>“Cscle+fx]

(a+b) (c-d

vJe+d Vb+aCos[e+fx] ]

EllipticF[Ar‘cSin[
Ja+b +/d+cCosfe+fx] (a-b) (c+d)

| Va+bsec[e+fx]

/

(3c3 (c-d)? (c+d)*?f/b+aCos[e+fx] /c+dSec[e+fx] )—

{22 b\/ (bc-ad) <1—C05[e+fx])\/ (bc-ad) (1+Cos[e+fx])
a a+ - _

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

b
+cCosfe+fx] Csc[e +fx] EllipticPi ar C,
; ()
a(c+d)
Vc+d Vb+aCos[e+fx] (a+b) (c-d)

ArcSin|

]5

| Va+bsec[e+fx]
vJa+b +/d+cCosfe+fx] (a—b) <C+d

/

(c3\/c+d fi/b+acCos[e+fx] vc+dSec[e+fx] )+

2 (bc—ad)Z\/a+bSec[e+fx] Sinfe + f x]

3¢ (c2-d?) f (d+cCosfe+fx])~/c+dSec[e+fx]
Result (type 4, 1996 leaves):

[(d+cCos[e+Fx})3 (a+bsSecle+fx])>?

2 (b2c?sinfe+fx] -2abcdsSin[e+fx] +a?d?Sin[e+fx])

+

3c(c2-d?) (d+cCosfe+fx])?
(2 (7abc’®sinfe+fx] -7a*c*dSin[e+fx] -4b>c*dSin[e+fx] +
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abcd?sin[e+ fx] +3a2d3Sin[e+-Fx])>/(3c (cz—dz)2 <d+cCos[e+fx1))]]/

(f (b+aCos[e+fx])? (c+dSec[e+Fx})5/2) +
1

3¢ (c-d)?(c+d)*f (b+aCos[e+fx])>? (c+dSec[e+fx])>?

(d+cCosfe+fx])>? (a+bSecfe+Ffx])>?

4(bc—ad) (Zazbc3+b3c3+a3c2d—8ab2c2d+2a2bcd2+3b3cd2—a3d3)

\/ (c+d) Cot[i (e+fx”2 \/ (c+d) (b+aCos[e+fx])Csc[§ (e+fx”2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc[> (e+-FxH2
- 2 Cscle+fx] EllipticF|

bc-ad

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) 2

- oo a 2(bc=ad] 1t ferfx)]"

V2 " (a+b) (c-d) 2 /

ArcSin|

((a+b) (c+d)+/b+aCos[e+fx] Vd+cCos[e+fx] )+
4(bcfad) (3a3c377ab2c3+4b3c2d+a3cd2+3ab2cd274a2bd3)

\/(c+d) Cot[i (e+fx)]2 \/(c+d) (b+aCos[e+fx])Csc[§ <e+-Fx)]2

c-d bc-ad

Cscle + f x] EllipticF[

) (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
- _ 2 (bc-ad
bead ], 2lbc-ad) ]sin[l(e+fx)]“/
NP (a+b) (c-d) 2

ArcSin|

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )—
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\/ (c+d) Cot[% (e+Fx)]2 \/ (c+d) (b+aCos[e+fx}>Csc{% (e+Fx)]2

bc-ad

\/_ (a+b) (d+cCos[e+Ffx]) Csc[i (e+fx)]2

Cscle + fx]
bc-ad
\/ (a+b) (d+c Cos[e+fx]) Csc{l—(ewf:x)l2
. .. . bc-ad . N bc-ad Z(bc—ad)
EllipticPi| » ArcSin| B ]
(a+b)c V2 (a+b) (c-d)

Sin[i(ewl:x)}4 /(<a+b)cx/b+aCos[e+Fx} \/d+cCos[e+fx]) +
2

-a+b

. (a+b) Cos[% (e+fx)]

\/%Sin[%(eﬂcx)]]J 2 (be-ad) }/

(—a+b) (C+d)

2 (—7a2bc3+7a3c2d+4ab2c2d—a2bcd2—3a3d3)

Vd+cCosfe+fx] EllipticE[ArcSin]

b+aCos[e+f x
a+b

a+b) Cos[Lt (e+fx)]?
aCJ ( ) [2< )] JbracCosie s fx] \/b+aCos[e+-Fx]

b+acCos[e+fXx] a+b

b) (d C f
(a+ )( +cCos[e+ X]) 7i2(bcfad) (bc+(a+b)d)
(c+d) (b+aCos[e+fx]) ac

\/ (c+d)Cot[§ <e+fx)]2 \/(c+d> (b+aCos[e+-Fx])Csc[§ <e+fx)]2

bc-ad

- Cscle+fx] EllipticF[ArcSin|

(a+b) (d+cCosle+fx]) Csc[% <e+fx)]2
bc-ad



Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)”™m (c+d sec)™n.nb | 139

\/ (a+b) (d+c Cos[e+fx]) Csc[;— (e+f x) ]2

bc-ad Z(bc—ad) o1 4
s , (o) <c7d)}51n[;(e+fx>] /

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )— (bc+ad)

bc-ad

\/ (c+d)Cot[§ (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[% <e+fx)]2

\/ (a+b) (d+cCos[e+fx])Csc[§<e+fx)]2
_ Cscle+ fX]
bc-ad

(a+b) (d+c Cos[e+fx]) Csc[% (e+f x) r

E1lipticpi[ 2<% arcsin] s ],
(a+b)c 2
;Jr(bb;—_(:_d()j)]sin[i(eJrfx)]‘l/((a+b)cx/b+aCos[e+fx}

vd+cCos[e+fx] Sin[e+fx]

vd+cCos[e+fx] ) +

cvVb+aCos[e+fx]

Problem 215: Result more than twice size of optimal antiderivative.

(a+bSec[e+fx])>?
J dx

(c+dsecle+fx])""?

Optimal (type 4, 1150 leaves, 8 steps):
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2 (a—b) va+b (bzczd (29c2+3d2) —abc (35c4+34c2d2—5d4) +a’ (58c4d—41c2d3+15d5))

(bc-ad) (1-Cosle+fx]) (bc-ad) (1+Cos[e+fx])
(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

3/2

(d+cCos[e+fx])*“Cscle+fx]

\Jc+d v/b+aCosfe+fx] (a+b) (c-d

B )}\/a+b5ec[e+fx] /

EllipticE [ArcSin|
va+b +/d+cCos[e+fx] (a-b) (c+d)

(15c3 (c—d)3 (c+d)5/2 (bc-ad) fi/b+acCos[e+fx] Vc+dSecle+fx] )+
[2x/a+b (b*c* (5c*+24cd+3d*) -ab*c® (35c>+42c*d+21cd*-2d%) +

a’bc? (45c4+48c3d+c2d2—8cd3+10d4) -

(bc-ad) (1-Cos[e+fx])

a3d(60c5—2c4d—66c3d2+25c2d3+30cd4—15d5))\/— a:b) (d )
a+ +cCos[e+fx]

bc-ad) (1+C f
a- +cCos[e+fx
Vc+d \V/b+aCos[e+fx] (a+b) (C_d)

EllipticF [ArcSin|

15

vJa+bSecle+ fx]
va+b +/d+cCos[e+fx] (a-b) (c+d }

/

(15¢* (c-d)® (c+d)*? (bc-ad) fv/b+aCos[e+fx] VcrdSece+fx] |-

[2a2 TTh \/_(bcad) (1-Cos[e+fx]) \/_(bcad) (1+Cos[e+fx])

(a+b) (d+cCosfe+fx]) (a-b) (d+cCosfe+fx])

b
+cCosfe+fx] Csc[e+fx] EllipticPi 2 c,
; (a+b)
a(c+d)

Vc+d v/b+aCos[e+fx] (a+b) (c-d)

Ar‘cSin[

]

| Va+bsec[e+fx]
a+b /d+cCos[e+fx] (a-b) (c+d)

/

(c4\/c+d fi/b+aCos[e+fx] vVc+dSec[e+fx] )—

2d (bc-ad) (b+aCos[e+fx])Va+bSec[e+fx] Sin[e+fx]

+

5c(c2-d?) f (d+cCosfe+fx])*+/c+dSec[e+Fx]

(2 (bc-ad) (5bc®-13ac?d+3bcd?*+5ad’) Va+bSec[e+fx] Sin[e+fx})/
(15c2 (cz—d2>2f(d+cCos[e+fx}) Vc+dSecle + fx] )

Result (type 4, 2314 leaves):
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1 5/2

(d+cCos[e+fx])4Sec[e+-Fx} (a+bsec[e+fx])
f(b+aCos[e+fx])? (c+dSec[e+fx])"?

(—((Z(bzczdsin[e+fx]—2abchSin[e+fx]+a2d3Sin[e+fx]))/
(Sc2 (c2-d?) (d+cCos[e+Fx1)3)> +

(2 (5b*c*sinfe+fx] -2labc’dSin[e+fx] +16a°c*d’Sin[e+fx] +
3b2c2dzsin[e+-Fx]+5abcd3Sin[e+fx]—8a2d4sin[e+fx]))/

(15c - (d+cCos[e+fx})2)+

(2 (35abc sln[e+fx] -58a2c*dsSin[e+fx] -29b%c*dSin[e+fx] +
34abc3d?Sinje+fx] +41a2c?d®Sin[e+fx] -3b%c?d®Sin[e+fx] -
5abcd“Sin[e+-Fx}—15a2d55in[e+1cx]))/(15c2 (cz—d2>3<d+cCos[e+fx})))+

1

15¢? (c-d)? (c+d)>f (b+aCos[e+Fx])*? (c+dSecle+fx])”?
(d+cCos[e+fx])"?

Secfe + fx]

(a+bsSecle+fx])®>?

1

(a+b) (c+d)Vb+aCos[e+Ffx] /d+cCosle+fx]
4 (bc-ad) (18a’bc®>+5b°c®+13a*c*d-48ab’c*d+15a’bc*d*+
27b3c3d2—18a3c2d3—16ab2c2d3+7a2bcd4+5a3d5)

\/ (c+d) Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx]) Csc[i (e+fx)]2

c-d bc-ad

(a+b) (d+cCos[e+fx])Csc[> (e+Fx)]2
- 2 Cscle+fx] EllipticF|

bc-ad

(a+b) (d+cCos[esfx]) Csc| L (e++x>]2
N bcad 2 (bc-ad)
]s
V2 <a+b) (c—d)
4 (bc-ad) (15a®c®>-35ab*c®+23a’bc*d+29b>c*d+13a’c?d*-5ab’>c’d® -
75a’bc?d*+3b°?d®+4a’cd*+8ab>cd*+20a*bd’)

Ar‘cSin[

]Sin[% (e+-FxH4+

\/(c+d) Cot[% (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[§ <e+fx)]2

c-d bc-ad

Cscle+fx] EllipticF|
bc-ad

\/_ (a+b) (d+cCos[e+Ffx]) Csc[i <e+fx)]2
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(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
- - 2 (bc-ad
ArcSin | berad ]s (be-ad) ]Sin[l(eﬂcx)r/
vz (avb) (c-a) 2

((a+b) (c+d)Vb+aCos[e+fx] Vd+cCos[e+fx] )—

\/ (c+d) Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx})Csc[i (e+fx)]2

c-d bc-ad

\/_ (a+b) (d+cCos[e+Ffx]) Csc[i (e+fx)]2

Cscle+fX]
bc-ad
(a+b) (d+c Cos[e+fx]) Csc{l— (e+‘Fx)]2
. . . bc- . B bc-ad Z(bc—ad)
EllipticPi| » ArcSin| B
(a+b)c V2 (a+b) (c-d)

Sin[l(ewa)r/(<a+b>cx/b+aCos[e+Fx} \/d+cCos[e+Fx]) +
2

2 (-35a°bc’>+58a’c*d+29ab’c*d-34a’bcPd*-41a’c*d*+3ab’ ?d’ +

-a+b

5a’bcd*+15a%d°) (a+b) Cos[~ (e+fx)]~/d+cCosle+fx]

1
a+b 2

\/%Sin[i(e+fx)]], 2<bc—ad) } /

(-a+b) (c+d)

EllipticE [ArcSin|
b+aCos[e+fx

a+b

b+aCos[e+fXx]

aCJ (a+b) Cos[i (e+fx)]2

b+acCos[e+fXx]

v/b+aCos[e+fx] \/

a+b

+b d+cC +f
(a+b) (d+cCose+Fx]) ~ L 2 (bc-ad) || (bc+ (arb) )
(c+d) (b+aCos[e+fx]) ac
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\/ (c+d)Cot[§ <e+-Fx)]2 \/<c+d> (b+aCos[e+-Fx])Csc[i <e+fx)]2

c-d bc-ad
(a+b) (d+cCos[e+fx]) Csc[ <e+fx)]2
2 . . .
- Cscle+fx] EllipticF[ArcSin|
bc-ad
(a+b) (d+c Cos[e+f x]) Csc[i— (e+‘Fx)]2
- bc-ad 2 (bc—ad)

o1 4
N o (C_d)}Sm[;(eJrfx)] /

((a+b) (c+d)vb+aCos[e+fx] Vd+cCos[e+fx] )— (bc+ad)

\/ (c+d)Cot[§ (e+fx)]2 \/<c+d> (b+aCos[e+fx])Csc[i (e+fx)]2

c-d bc-ad

\/ (a+b) (d+cCos[e+fx])Csc[§(e+-Fx)]2
- Cscle + fx]
bc-ad

(a+b) (d+c Cos[e+fx]) Csc{% (e+f x) ]2

bc-ad

. .. . .rbc-ad .
E111pt1cP1[ s Ar‘cSm[

(a+b) c V2

1

]Sin[% (e+-FX)]4 /((a+b) cvVb+aCos[e+fx]

vd+cCos[e+fx] Sin[e+ fx]

v d+cCos[e+fx] ) +
cvVb+aCos[e+fx]

Problem 216: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+fx])5/2

(c+dSec[e+fx])®?

Optimal (type 4, 1428 leaves, 9 steps):
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2(a-b)va+b (2b°c®d (133c*+62c*d*-3d*) +2a’bcd (406c®+73c*d’+132c*d*-35d°) -

ab?c? (245c®+852c*d? +41c*d* + 14d°) - a® (582 c®d* - 485 c*d* + 392 c* d® - 105 d¥) )

\/ (bc-ad) (1-Cos[e+fx]) \/ (bc-ad) (1+Cosle+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

(d+cCos[e+fx])?>?

Cscle +fx]

EllipticE [Ar‘cSin [

d
Jc+d v/b+aCos[e+fx] )}\/a+bSec[e+'FX] /
Ja+b +/d+cCosfe+fx] (a-b) (c+d)

(105c4 (c—d)4 (c+d)7/2 (bc—ad)z-F\/b+aCos[e+Fx} vc+dSecle + fx] )+
[2\/a+b (b*c* (35c*+231c>d+67c?d*+57cd’-6d*) -

ab®c’® (245¢>+413c*d+439c3d? +53c*d*-12cd* +14d°) +
a’bc? (315c+497c*d+219c*d*-73c>d*+ 208 c*d* + 56 cd® - 70d°) -
a’d (525c7+57c6d—699c5dz+214c4d3+672c3d4—286c2d5—210cd6+105d7>)

\/_ (bc-ad) (1-Cos[e+fx]) \/_ (bc-ad) (1+Cos[e+fx])

(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

3/2

(d+cCosfe+fx])**Cscle+fx]

(a+b) (c-

Jc+d v/b+acCos[e+fx] ]

EllipticF|[ArcSin|
Ja+b +/d+cCosfe+fx] (a*b) (C+d)

| Va+bsSecle+fx]

/

(105c5 (c-d)* (c+d)”? (bc-ad) f/b+aCos[e+fx] \/c+dSec[e+Fx] )—

bc-ad) (1-Cos[e+fx]) (bc-ad) (1+Cos[e+fx])
(a+b) (d+cCos[e+fx]) (a-b) (d+cCos[e+fx])

[zasz(
b

(d+cCos[e+fx])*?Cscle+fx] EllipticPi| (a~ >c’

a(c+d)

Ve+d \/b+aCos[e+-Fx]

Ar‘cSin[

]

}\/a+b5ec[e+1‘x]
vJa+b +/d+cCosfe+fx] (a-b) (c+d)

/

(csx/c+d fi/b+acCos[e+fx] Vc+dSecle+fx] )+

2d? (b+aCos[e+fx])*/a+bSec[e+fx] Sin[e+fx]

7c(c2-d?) f (d+cCos[e+fx])3\/c+dSec[e+fx]

(Zd (14bc’>-19ac*d-2bcd*+7ad’) (b+aCos[e+fx]) va+bSecle+ fx] Sin[e+fx})/

(35c2 (cz—dz)zf(d+cCos[e+Fx1)2\/c+dSec[e+Fx1 )—
(2 (2abcd (91c*-2c*d*+7d*) -a®d? (162 c*-101c*>d®+35d%) - b® (35c®+67c*d*-6c*d*))
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Ja+bSec[e+fx] Sin[e+-Fx])/

(105c3 (cz—d2)3f (d+cCosfe+fx])Vc+dSec[e+fx] )

Result (type 4, 2949 leaves):
1

(d+cCos[e+fx])>Sec[e+fx]?
f(b+aCos[e+fx])? (c+dSec[e+Ffx])®?

<a+bSec[e+-Fx}>5/2 (2 (b>c®d®*sin[e+fx] -2abcd®Sin[e+fx] +a2d4Sin[e+-Fx]))/

( - d?) (d+cCos[e+fx1>4)+

(2 (- 14b2c4d51n[e+1‘:x}+43abc3dZSin[e+fX}—29a2c2d3Sin[e+fX}+
2b2c2dSSin[e+-Fx]—19abcd4Sin[e+Fx}+17a2dSSin[e+-Fx]))/

(35c3 (cz-dz)z(d+cCos[e+fx1)3)+(2(35b2c651n[e+ij-224abc5dSin[e+fx]+
234a2c*d’Sin[e+fx] +67b>c*d®Sin[e+fx] +52abc?>d®Sin[e+fx] -209a%c?d*
Sin[e+-Fx]—6b2c2d4Sin[e+fx1—20abcd5$in[e+fx]+71a2d6$in[e+1:x1))/

1

105¢c® (bc-ad) (cz—d2)4(d+cCos[e+Fx1)

2 (245ab*c®sinfe+fx] -812a’bc’dSin[e+fx] -266b>c’dSin[e+fx] +

582a%>c®d?Sin[e+fx] +852ab%c®d?Sin[e+fx] -146a’bc>d®>Sin[e+ fx] -

124b3 c®>d3>Sin[e+fx] -485a3c*d*Sin[e+fx] +41lab?c*d*Sin[e+fx] -
264a’bc3d°Sin[e+fx] +6b3>c3d>Sin[e+fx] +392a%>c?d®Sin[e+fx] +

(105c3 (cz—dz)3 (d+cCos[e+fx])2) +

14ab’>c?d®sSin[e+fx] +70a’bcd’Sin[e+fx] -185a°>d®Sin[e+fx]) | +

(d+cCos[e+fx])®?

Secle+fx]? (a+bSec[e+fx])>?

1

(a+b) (c+d)/b+aCos[e+Ffx] v/d+cCos[e+Ffx]

4(bc—ad) (—70a2b2c8—35b4c8—77a3bc7d+427ab3c7d+162a4c6d2—522a2b2c6d2—
298 b*c®d? +348a*bc>d3+666ab3c”d®-263a%*c*d*-586a2b2c*d*-51b%c*d*+
127a3bc3d5+59ab3c3d5+136a4c2d6+26a2b2c2d6714a3bcd7735a4d8)

(c+d) Cot[i (e+fx”2 (c+d) (b+aCos[e+fx]) Csc[i (e+fx”2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc[> (e+-FxH2
- " p 2 Cscle+ fx] EllipticF|
c-a
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2

(a+b) (d+c Cos[e+fx]) Csc[:— (e+f x)w
N bc-ad

]; Z(bC ad) }Sin[l(e+fx)]4+

V2 (a+b) (c-d) 2

4(bc—ad) (—105a3bc8+245ab3c8+105a4c7d—567a2b2c7d—266b4c7d+
190a3bc®d?+586ab3c®d?+162a*c>d®+706a2b?c>d?-124b%c> d’ -
1261a*bc*d*-83ab3c*d*+145a* c3d°-223a2b?c3d>+6b*c3d° +
548a°bc*d®+20ab’c*d®-28a*cd +84a°b’cd -140a°bd?)

ArcSin|

\/ (c+d) Cot[i (e+FxH2 \/ (c+d) (b+aCos[e+fx]) Csc[i (e+FxH2

c-d bc-ad

a+b) (d+cCos[e+Ffx])Csc[L (e+fx)]?
\/( )( ) [2( H Cscle+fx] EllipticF[

bc-ad

(a+b) (d+c Cos[e+fx]) Csc[:— (e+f x) ]Z
- _ 2 (bc-ad
bead I, (be-ad) }Sin[l(e+fx>]“/
V2 (a+b) (c-d) 2

ArcSin|

((a+b) (c+d) Vb+aCos[e+fx] /d+cCos[e+fx] )—

\/ (c+d) Cot[% (e+-FxH2 \/ (c+d) (b+aCos[e+fx]) Csc[% (e+fx>]2

c-d bc-ad

Cscl[e + fXx]

) (a+b) (d+cCos[e+fx]) Csc[% (e+fx”2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
. .. . bc-ad . N bc-ad 2 (bc-ad)
EllipticPi| » ArcSin| s ]

(a+b)c V2 (a+b) (c-d)

Sin[l(eﬂ‘:x)]4 /((a+b)C\/b+aCos[e+fx] \/d+cCos[e+fx]) +
2

2 (245a2b2c8—812a3bc7d—266ab3c7d+582a4c6d2+852a2b2c6dz—
146a3bc*d®-124ab3c>d®-485a*c*d* +41a%b2c*d*-264a3bc3d° +
6ab’c®d®+392a*c?d®+14a’b®>c®d®+70a’bcd -105a*d®)
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-a+b

(a+b) Cos[1 (e+fx)]~/d+cCosle+fx]
a+b 2

EllipticE [Ar‘cSin [

/ﬁ Sin{%(eﬁ:x)} 2 (be-ad]
}, (—a+b) (c+d)] /

b+aCos[e+fx
a+b

a+b)cos[Lt (e+fx)]?
ac\l( > [2( H Jbracosie: fx] \/b+aCos[e+-Fx}

b+acCos[e+fXx] a+b

<C+d> (b+aCos[e+fx1> _;Z(bc—ad) (bC+(a+b>d>

\/<a+b> (d+cCosle+fx]) 1

\/ (c+d) Cot[2 (e Fx)]? J (c+d) (braCosierfx])Csc|? (e« fx)]?

bc-ad

- Cscle+fx]

\/ (a+b) (d+cCosle+fx]) Csc[i (e+fx”2

bc-ad
(a+b) (d+c Cos[e+fx]) Csc“— (e+1:><)wZ
. . - bc-ad 2 (bc-ad)
EllipticF [ArcSin| , ]
NP (a+b) (cfd)

Sin[i(eﬂ‘:x)]4 /((a+b) (c+d)/b+aCosle+fx]

(c+d) Cot[% (e+1cx)]2

\/d+cCos[e+fx])— (bc+ad)\/ y
c_

(c+d) (b+aCosle+fx]) Csc[i <e+fx)]2
bc-ad
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(a+b) (d+cCos[e+Ffx])Csc|> (e+FxH2
- 2 Cscle + fXx] EllipticPi[

bc-ad
\/ (a+b) (d+c Cos[e+fx]) Csc{% (e+f x) }2
_ - _ 2 (bc-ad
bc ad,ArcSin[ bc-ad , (bc-ad) ]
(a+b)c V2 (a+b) (c-d)

Sin[l(eﬂcx)]4 /((a+b)cx/b+a€os[e+fx] \/d+CCOs[e+fx]) +
2

d+cCos[e+fx] Sin[e+fx] /(105c3 (c-d)?
cvVb+acCos[e+fx]

(c+d)* (-bc+ad) f (b+aCos[e+fx])*?
(c+dSec[e+fx])9/2)

Problem 217: Unable to integrate problem.

dx

J(c+d5ec[e+fx])3/2

vJa+bSecle+ fx]

Optimal (type 4, 652 leaves, ? steps):
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a(c+d) (a+b) (c+dsecle+fx])
2c (c+d) Cotle+fx] EllipticPi[< o) » ArcSin| (cd) (arbs fx]) s
a+b)c C+ a+bSecle+fx]

(a+bsecle+fx

/

1)3/2

(a-b) (c+d)}\/<bcad) (1+secfe+fx])

(a+b) (c-d) (c-d) (a+bsecfe+fx])

\/<a+b) (bc-ad) (-1+Sec[e+fx]) (c+dSec[e+fx])

(c+d)2 (a+bSec[e+Fx])2

(a (a+b) f+/c+dSec[e+fx] )

+ {Zd (c+d> Cot[e+fx]

EllipticPi[b(C+d),ArcSin[\/ (a+b> (c+dSec[e+fx]) } (a—b) (c+d)}

(a+b)d (c+d) (a+bsecle+fx]) ’ (a+b) (c-d)

3/2

(a+bsecle+fx])
(c-d) (a+bsecle+fx])

\/ (bc-ad) (1+Secle+fx])

/

\/ (a+b) (-bc+ad) (-1+Sec[e+fx]) (c+dSec[e+fx])

(c+d)® (a+bsecle+fx])?

(b (a+b) f+/c+dSec[e+fx] )+

(a+b) (c+dsec[e+fx])

]

2 (bc-ad) Cotle+fx] ElliptiCF[A"Si”[J (c+d) (a+bsecfe+fx])  (a+b) (c-d)

(c+d) (a+bSec[e+fx]) (c-d) (a+bsecle+fx])

\/ (bc-ad) (-1+Sec[e+fx]) \/ (bc-ad) (1+Secle+fx])

Ja+bSec[e+fx] Vc+dSec[e+fx]

/

abf\/ (a+b) (c+dSecle+fx])

(c+d) (a+bsSecle+fx])

Result (type 8, 31 leaves):

(c+dsSecle+fx])>?
J dx

va+bSecle+ fx]

Problem 218: Result more than twice size of optimal antiderivative.

dx

J\/c+d5ec[e+fx}
va+bSec[e+fx]

Optimal (type 4, 198 leaves, 1step):
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1

avec+d f

2+/a+b Cot[e+fx] EllipticPi]

(a+b) c,Ar‘cSin[\/c+d va+bSecle+ fx]

a(c+d) Va+b /c+dSec[e+fx] (a-b) (c+d

\/ (bc-ad) (1-Secfe+fx]) \/_ (bc-ad) (1+Secfe+fx])

(c+dsec[e+fx])
(a+b) (c+dsecle+fx]) (a-b) (c+dsecle+fx])

Result (type 4, 554 leaves):
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1

4 (-bc+ad) vVb+aCos[e+fx] Vc+dSec[e+fx]

f+/d+cCos[e+fx] vVa+bSecle+fx]

a-b -bc+ad

\/ (a+b) Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx]) Csc[i (eJr-I:xH2

Cscle + f X]

\/ (a+b) (d+cCos[e+fx]) Csc[i (eJr-FxH2

-bc+ad
(c+d) (b+aCos[esfx]) Csc[L (e+fx)]2
N -bc+ad 2<7bC+ad>
EllipticF [ArcSin| B
V2 (a - b) (c + d)

Sin[l(eJrFx)f/(<a+b>\/b+aCos[e+-FX} v/d+cCos[e+fx] )*
2

C\/ (a+b) Cot{i(erFtz \/_ (c+d) (b+aCos[e+fx])Csc[i(e+fx)]2

a-b -bc+ad

Cscle + fX]

\/ (a+b) (d+cCosle+fx]) Csc[% (e+-FxH2

-bc+ad

(c+d) (b+aCos[e+fx]) Csc“— (e+f x) V
. . .r-bc+ad . - _bc+ad 2(—bc+ad)
EllipticPi[—————, ArcSin| |,

a(c+d) V2 (a-b) (c+d)

Sin[l(eﬁ:x)r/(a (c+d) Vb+aCos[e+fx] \/d+cCos[e+-Fx])
2

Problem 219: Result unnecessarily involves imaginary or complex numbers.

1

dx

J\/aerSec[eHCx} \Jc+dSecle+fx]

Optimal (type 4, 398 leaves, 3 steps):
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1
-——2+c+d Cot[e+fX]

ava+b cf

a(c+d)
EllipticPi|

. Va+b \/c+dSec[e+fx]
,Ar‘CSln[ }:
(a+b)c ve+d Va+bSec[e+fx] (a+b) (c-d

\/_ (bc-ad) (1-sec[e+fx]) \/ (bc-ad) (1+Secle+fx])

(c+d) (a+bsecle+fx]) (c-d) (a+bsec[e+fx])

(a+bSecle+fx]) -

+b -d
2b+a+b Cot[e+ fx] Ellip‘cicF[Ar‘cSin[\/Cer \/a+bSec[e+'FX1 ]: <a ) <C >]
vJa+b \/c+dSec[e+fx] <a—b) (C+d>

\/ (bc-ad) (1-Sec[e+fx]) \/_ (bc-ad) (1+Sec[e+fx])

(a+b) (c+dsecle+fx]) (a-b) (c+dsecle+fx])

(c+dsecle+fx])

/(am(bc—ad)f)

Result (type 4, 249leaves):
2 b+acCos[e+fXx] d+cCosfe+fx]
(e+fx)]
(a+b) (1+Cosfe+fx]) (c+d) (1+Cos[e+fx])

-a+b

a+b

41 Cos |

N |

[EllipticF[i ArcSinh| Tan[% (e+fx)]],

.. .. a+b ) -a+b 1 (a+b) (c-d)
2EllipticPi|- , 1 ArcSinh| Tan[ = (e+fx)]], ]
a-b a+b 2 (a-b) (c+d)

Sec[e + f Xx]

-a+b
/[ *- fJa+bSecie+fx] Jcrdsec[ex+Fx]
a+b

Problem 220: Result more than twice size of optimal antiderivative.
1

dx

J\/aerSec[eercx} (c+dsecle+fx])>?

Optimal (type 4, 622 leaves, 6 steps):
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2 (a-b)~a+b d*Cot[e+fx] EllipticE]|

ArcSin|

Ne+d VJa+bSec[e+ fx] ] (a+b) (c—d)} (bc-ad) (1-Secle+fx])
Va+b Jc+dSec[e+fx] ’ (a-b) (c+d) (a+b) (c+dsSecle+fx])

\/ (bc-ad) (1+Secle+fx])

(c+dsecle+fx])

/(c (c—d)m(bc—ad)zf)

(a-b) (c+dsecle+fx])

vJec+d Va+bSec[e+fx]
vJa+b v/c+dSec[e+fx] (a-b) (c+d)

[2 Va+b (2c-d) dCot[e+fx] EllipticF|ArcSin|

(c+dsec[e+fx])

\/ (bc-ad) (1-Secle+fx]) \/ (bc-ad) (1+Secle+fx])

(a+b) (c+dSec[e+fx]) (a-b) (c+dsSec[e+fx])

(c2 (c-d)vVc+d (bc-ad) f)—;zva+b Cot[e + fx]
ac?+/c+d f
b b -d
EllipticPi[(aJr )C,ArcSin[v“d VarbSecierfx] 15 (2+5) [c >]
a(c+d) Ja+b \/c+dSecle+fx] (a-b) (c+d)

\/ (bc-ad) (1-Secle+fx])

(a+b) (c+dSec[e+fx])

(c+dsecle+fx])

\/ (bc-ad) (1+Secle+fx])

(a-b) (c+dsecle+fx])

Result (type 4, 1731 leaves):
1

(c-d) (c+d) (bc-ad) f+/a+bSec[e+Ffx] (c+dSec[e+fx])*?

Vb+aCos[e+fx] (d+cCos[e+fx])*?secle+fx]?|-||4bcd (bc-ad)

\/<c+d> Cot[i (e+fx”2 \/ (c+d) (b+aCOS[e+Fx])Csc[i (e+fx”2

c-d bc-ad

(a+b) (d+cCos[e+fx]) Csc[> (e+-FxH2
- 2 Cscle+fx] EllipticF|

bc-ad
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(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) V
B - 2 (bc-ad
berad B (bc-ad) }Sin[l(eﬂcx)r/
VT avb) (coa) 2

ArcSin|

a+b) (c+d b+aCos[e+fx d+cCos[e+fx +4 (bc-ad) (bcc-acd-
((a+b) (c+d) [e+fx] [evfx] || +4 ) (be?

c-d bc-ad

o) \/ (c+d) Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx]) Csc[i (e+fx)]2

Cscle+fx] EllipticF|

\/_ (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2

bc-ad

(a+b) (d+cCoslesfx]) Csc | (esfx) ]2

- bcad 2 (bc-ad)

V2 (a+b) (c-d

Ar‘cSin[

((a+b) (C+d) vVb+aCos[e+fx] /d+cCos[e+TFx] )7

\/ (c+d) Cot[i (e+Fx)]2 \/ (c+d) (b+aCos[e+Fx1>Csc[i (e+1°x)]2

c-d bc-ad

Cscle + fx]

) (a+b) (d+cCos[e+fx]) Csc[i (e+fx)]2
bc-ad

(a+b) (d+c Cos[e+fx]) Csc“— (e+f x) ]2
. .. . bc-ad . N bc-ad 2 (bc-ad)
EllipticPi| , ArcSin]| , ]

(a+b)c V2 (a+b) (c-d)

Sin[l(eJr-Fx)r/((a+b)cx/b+aCos[e+fx} \/d+cCos[e+-Fx]) -
2
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-a+b

2 ad?

(a+b) Cos|

\/%Sin[i(em‘x)]], 2 (be-ad) }/

(-a+b) (c+d)

N |

(e+fx)]~/d+cCosle+fx]
a+b

EllipticE [ArcSin|
b+aCos[e+fx

a+b

a+b)Cos[t (e+fx)]?
aCJ ( ) [2< )] Jbracoslesfx] \/b+aCos[e+fx]
b+acCos[e+fXx] a+b
+b) (d+cC +f
laxb) (decCosles ) | 1, e aa)||(bes (arb) q)
(c+d) (b+acCos[e+fx]) ac

c-d bc-ad

\/ (c+d)Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[i (e+fx)]2

- Cscle+fx] EllipticF [ArcSin|

(a+b) (d+cCos[e+fx]) Csc[i <e+fx)]2
bc-ad

(a+b) (d+cCos[esfx]) Csc| L (esfx) ]2
B bc_ad Z(bcfad)

VZ " (a+b) (c-d)

((a+b) (c+d) vb+aCos[e+fx] Vd+cCos[e+fx] )— (bc+ad)

\/ (c+d)Cot[i (e+fx)]2 \/ (c+d) (b+aCos[e+fx])Csc[i (e+fx)]2
d

C- bc-ad

\/ (a+b) (d+cCos[e+fx])Csc[§<e+fx)]2
_ Cscle + fx]
bc-ad
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\/ (a+b) (d+c Cos[e+fx]) Csc{; (e+fx)]2

... .- bc-ad . bc-ad
EllipticPi| ———, ArcSin| B
(a+b)c V2
2 (bc-ad)

]Sin[% (e+1‘x)]4 /((a+b) cvVb+aCos[e+fx]

d+ccC fx] Si £
\/d+CCOS[e+'FX}) +\/ +cCos[e+fx] Sin[e+ fX] .

cVb+aCos[e+fx]

2d? (b+aCos[e+fx]) (d+cCos[e+fx])Sec[e+fx] Tan[e+fx]

(-bc+ad) (-c*+d*) f+/a+bSec[e+fx] (c+dSec[e+1‘:x])3/2

Problem 222: Attempted integration timed out after 120 seconds.

J(a+b5ec[e+fx])1/3

(c+dsecle+fx])*?

Optimal (type 8, 32leaves, 0steps):

(a+bsecle+fx])*?

Int[ 03’ x}

(c+dsecle+fx])

Result (type 1, 1leaves):
22?

Problem 223: Attempted integration timed out after 120 seconds.

(a+bsecle+fx])*?
J dx

(c+dsecle+fx])""?

Optimal (type 8, 32leaves, 0steps):
» X

(a+bSecle+Ffx])*?

Int|
(c+dsecle+fx])""?

Result (type 1, 1leaves):

PP
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Problem 225: Attempted integration timed out after 120 seconds.

bs fx])%?
J(a+ ecle+ X]) dx

(c+dsecle+fx])®>?

Optimal (type 8, 32leaves, 0steps):

(a+bsecle+Ffx])??

Int[ g x}

(c+dsec[e+fx])

Result (type 1, 1leaves):
22?

Problem 226: Attempted integration timed out after 120 seconds.

J<a+b5ec[e+fx])2/3

(c+dsecle+fx])®?

Optimal (type 8, 32leaves, 0steps):

(a+bSec[e+Fx])2/3
Int[

(c+dSec[e+1‘:x])8/3J }

Result (type 1, 1leaves):

2P

Problem 227: Attempted integration timed out after 120 seconds.

bs fx])%3
J(a+ ecle+fx]) ix

(c+dsecle+fx])*?

Optimal (type 8, 89leaves, 1step):

(d+ccCos[e+fx])*? (a+bSec[e+fx}>4/3Int[MLﬂL)“_/3 x|

(d+c Cos[e+fx])4/3 ’

(b+aCose+fx])*? (c+dSecle+fx])*?

Result (type 1, 1leaves):

222

Problem 228: Attempted integration timed out after 120 seconds.

]>4/3

(a+bsec[e+fx
J dx

(crdsecle+fx])"?

Optimal (type 8, 32 leaves, 0 steps):
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(a+bSec[e+Fx])4/3

Int| » X]
(c+dSecle+fx])"?

Result (type 1, 1leaves):

2P

Problem 229: Attempted integration timed out after 120 seconds.

dx

J (a+bsecle+fx])*?
(

c+dSec[e+fx])*?

Optimal (type 8, 32leaves, 0steps):

(a+bSecle+fx])*?

Int » X]
10/3

(c+dsec[e+fx])

Result (type 1, 1leaves):

???

Problem 230: Result more than twice size of optimal antiderivative.

J(c (dsec[e+fx])P)" (a+aSec[e+fx])"dx

Optimal (type 6, 106 leaves, 4 steps):

11 )
—([AppellFl[np, =, =-m,1+np, Sec[e+fx], -Sec[e+fx] | (c (dsecfe+fx])P)

2 2
/(anx/l—Sec[eﬂcx} )]

1
~-m

(1+sec[e+fx]) 2

(a+asecle+fx])"Tan[e+fx]

Result (type 6, 2425 leaves):

[3 21" Appel1F1[ =, m+np, 1-np, =, Tan[ = (e+£x)]%, ~Tan| (e fx)]7]
2 2

2

N |

(Sec[l (e+fx)]

2 -1l+np
; (er el

1 2 m+n p
Cos[ = (e+fx) | Sec[e+fx])
2

(c (dsecle+fx])P)" (a (1+Sec[e+fx]))mTan{§ (e+fx)]

/

(e+fx”2} +

1 3 2
(f [BAppellFl[f, m+np,1-np, =, Tan[= (e+fx)|", -Tan|
2 2

N |
N |

(e+fx)]"] +

(e+fx”2”
1

,m+np,1-np, i, Tan{l (e+1°x)]2,
2 2 2

3 5 2
2 ((—1+np) AppellFl[;, m+np,2-np, S’ Tan[ = (e+fx)|", -Tan|

N |
N |

3 5 1 2
(m+np) AppellFl[E, 1+m+np,1-np, S’ Tan[; (e+fx” , -Tan|

N |

Tan[% <e+fx)]2J [(3 2" AppellF1|

—Tan[% <e+fx)]2}

Sec{% (e+-FxH2]np

Cos{l (e+-FxHZSec[e+fx}
2

=
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(BAppellFl[l, m+np,1-np, z, Tan[l (e+-Fx)]2, —Tan{l (e+1cx)]2] +
2 2 2 2

2 ((—1+np) AppellFl[Z, m+np,2-np, 3, Tan{% (e+Fx)]2, —Tan[% (e+fx)}2} +

(m+np) AppellFl{i, 1+m+np, 1-np, E,
2 2
Tan[l (e+-FxH2, —Tan[l (e+fx>}2}) Tan[l (e+-FxH2) +
2 2 2
(3 28" (-1+np) AppellFl[l, m+np,1-np, i, Tan[1 (e+-Fx>]2, —Tan[l (e+fx)]2]
2 2 2 2

m+n p

Sec|

-1+n
l(e+-FxH2] p(Cos[l(eﬁ:x)]ZSec[eﬂcx]
2 2

Tan{% (e+-FxH2)/

(3AppellF1[1, m+np,1-np, i, Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] +
2 2 2 2

2 ((71+np) AppellFl[i, m+np, 2-np, E, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} +
2 2 2 2

3 5
(m+np) AppellFl[ =, 1+m+np, 1-np, —,
2 2

Tan{% (e+FxH2, —Tan[% (e+fx”2} Tan{% (e+FxH2) +

Cos[l (e+FxHZSec[e+fx]
2

I11+npTan[l (e+fx)}
2

Sec[1 (e+-Fx)]

(3 21+m
2

2] -1+np

(—i (1-np) AppellFl[z, m+np, 2-np, 3, Tan[% (e+fx”2, —Tan[% (e+fx”2}

1 2 1 1 3 5
Sec{; (e+fx)] Tan[; (e+fx)] +; (m+np) AppellFl[;, l+m+np, 1-np, >’

|/

Tan[% (e+-Fx)]2, —Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]

(3AppellF1[1, m+np,1-np, i, Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] +
2 2 2 2

2 ((71+np) AppellFl[i, m+np, 2-np, E, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} +
2 2 2 2

3

3
(m+np) AppellFl[ =, 1+m+np, 1-np,
2

Tan{% (e+FxH2, —Tan[% (e+fx”2}

—— N

Tan{% (e+FxH2) -

(3 zl*mAppellFl[l, minp, 1-np, i, Tan[l (e+~FxH2, ,Tan[l (e+fx>}z}
2 2 2 2

m+n p

Sec|

-1+n
l(eﬂcx”z] p(Cos[l(e+fx)]2Sec[e+fx]
2 2

Tan[% (e+-FxH

(2 ((—1+np) AppellFl[i, m+np,2-np, E, Tan[l (e+-Fx)]2, —Tan{l (e+1cx)]2] +
2 2 2 2

3 5 1 2
(m+np) AppellF1[ =, 1+m+np, 1-np, =, Tan[; (e+fx)]7,
2 2

~Tan| (e+fx>]2})5ec[ (e+-FxH2Tan[ (e+fx)]+

N |
N |
N |
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1 3 5 1 2 1 2
3|-—(1-np) AppellFl|—, m+np,2-np, —, Tan|— (e+fx , -Tan|— (e+fx
J (1) AppellF1[ =, m+np Py 2o Tan[ > e+ fx)] [ (exFx)]]

1 2 1 1 3
Sec[ = (e+fx) | Tan{g (e+fx)] +; (m+np) AppellFl[;, 1+m+np, 1-np,
2

—

an[ <e+-Fx)]2,—Tan[ (e+-FxH2]Sec[ (e+-FxH2Tan[

N |
N |

<e+'FX>] +

N | =

> 1
)
2 2
1 2 3 5 7
2Tan[ =~ (e+fx) | ((—1+np) (—f (2-np) AppellF1| =, m+np, 3-np, —,
2 5 2 2
(

Tan| (e+fx>]2, ~Tan]| (e+Fx)]2] Sec|

N |
N |
N |

(e+-Fx)]2Tan[

N |

e+‘FXH +
3 5 7 1 2
= (m+np) AppellF1[ =, 1+m+np, 2-np, —, Tan| = (e+fx) ]|,
5 2 2 2
—Tan[l (e+fx)]2] Sec[l (e+1cx)]2Tan[1 (e+fx)]]|+
2 2 2

3 5 7 1 2
(m+np) [-= (1-np) AppellFl[;, l+m+np, 2-np, >’ Tan[; (e+fx)]",
5

_Tan[i (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]+

| W

(L+m+np) AppellFl[E, 2+m+np, 1-np, Z, Tan[1 (e+Fx)]2,
2 2 2

I/

1 3 1 2 1 2
(BAppellFl[—, m+np,1-np, =, Tan[= (e+fx)]|", —Tan[; (e+fx)]7]+
2 2 2

—Tan[% (e+fx)]2] Sec[% (e+Fx)]2Tan[§ (e+fx”)

2 ((—1+np) AppellFl[i, m+np,2-np, E, Tan[1 (e+-FxH2, —Tan[l (e+fx)]2] +
2 2 2 2

3 5 1 2
(m+np) AppellF1[ =, 1+m+np, 1-np, —, Tan[; (e+fx)]",
2 2

—Tan{% (e+1°x)]2] Tan[% (e+-Fx)]2J2+

(3 21”"(m+np>Appe11F1{3,m+np,1—np, i:Tan{ e+ #x)]%, Tan[ = (e £x)]’]
2 2

N |
N |

-1+m+np

-1+n
Sec[l(eﬂcx)r] p(Cos[l(ewa)]zSec[eﬂcx]
2 2

—Cos[l (e+-Fx)] Secle +fx] Sin[1 <e+-Fx)] +
2 2

/

[BAppellFl[i, m+np,1-np, Z, Tan[% (e+-Fx)]2, —Tan{% (e+1°x)]2] +

Tan[% <e+-Fx)]

Cos| <e+fx)]25ec[e+-Fx] Tan[e + f x]

3 5
2 ((—1+np) AppellFl{;, m+np,2-np, S’ Tan|

N |

(e+1:x)]2, -Tan]| (e+fo2} +

N |

)

3
(m+np) AppellF1[=, 1+m+np, 1-np,
2

N |

Tan[% (e+fXH21 —Tan[i (e”cxnz} Tan[% (EHCXHZ)]]
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Problem 231: Unable to integrate problem.

J(c (dsec[e+fx])P)" (a+aSec[e+fx])>dx

Optimal (type 5, 275leaves, 8 steps):
; _ 1 1
[a (7 +4np) Hypergeometric2F1[ =, - —, = (2-np), Cosfe+fx] 2]
2 2 2

/(fnp (2+np)+/sin[e+fx]?

n

©

(c (dsec[e+fx])P)"sin[e+fx]

) 1 1 1
(a3 (1+4np) Cos[e+fx] Hypergeometric2F1|[ =, — (1-np), = (3-np), Cos[e+fx]?|
2 2 2

/(f(l—nzpz) Sin[e+fx]2)+
a®> (5+2np) (c (dSec[e+fx])P)"Tan[e+fx]
f(l+np) (2+np)

(c (dsecfe+fx])P)"sinle+fx]

+

(c (dsecfe+fx])P)" (a®+a®Sec[e+fx]) Tan[e +fx]
f(2+np)

Result (type 8, 29 leaves):

c (dsec[e+Ffx])P)" (a+asSec[e+fx])3dx
[(e (asecte s £x)7)" (2 asecier £x)

Problem 232: Unable to integrate problem.

c (dSec[e+Ffx])P)" (a+aSec[e+Ffx])2dx
[ (e (asecterx1))" | e £x1)

Optimal (type 5, 205 leaves, 7 steps):
Q, 1 (2-np), Cosfe+fx]?] (c (dsecle+fx])P)"sinle+fx]

1
[2 a’ Hypergeometric2F1| —, -
2 2 2

/

(fnp Sin[e+fx]?

(az (1+2np) Cos[e+fx] Hyper‘geometr‘icZFl[l,

2

a? (c (dsec[e+fx])P)" Tan[e + fx]
f(l+np)

(1-np), 1 (3-np), Cosfe+fx]?]
2

N |

(c (dsecfe+fx])P)"sinle+fx]

+

(-F (1-n®p?) /Sin[e+fx]?

Result (type 8, 29 leaves):

J(c (dsec[e+fx])P)" (a+aSece+fx])?dx

Problem 233: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

J(c (dsec[e+fx])P)" (a+asSec[e+fx]) dx

Optimal (type 5, 156 leaves, 6 steps):

(a Hyper‘geometr‘icZFl[l, —ﬂ, 1 (2-np), Cos[e+fx]?] (c (dsecfe+fx])P)"sinle+fx]

2 2 2

/

(fnp Sin[e+ fx]?

aCos[e + f x] Hypergeometric2F1 [

N|I—\

1 1
= ({1-np), = (3-np), Cos[e+fx]?
» 5 (1-np), 2 (3-np), Cosfe+fx)?]

(c (dsecfe+fx])P)"sinle+fx]

(F (1-np)+/Sinfe+fx]?

Result (type 6, 4295 leaves):

asSec[e+fx]"P (c (dSec[e+fx])P)" (1+Secle+fx]) Tan[1 (e+~Fx)]
2

1 3 2 2
([3AppellF1[7,np,1—np, =, Tan| (e+Fx” , ~Tan| (e+-Fx)] | Cos e+ fx]
2 2

N |
N |

/

(3AppellF1[1, np,1-np, 5, Tan[l (e+FxH2, —Tan[l (e+fx”2} +
2 2 2

2

2 [(71+np) AppellFl[i, np, 2-np, E, Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2] +
2 2 2 2

3 5 1 2
npAppellF1[ =, 1+np, 1-np, =, Tan[ = (e+fx) ]|,
2 2 2

—Tan[% (e+fx>]2} Tan[i (e+fx”2 +

|_\

AppellFl{%, 1+np, -np, z, Tan[i (e+fx” ~Tan[ = (e+fx /

2 2

(AppellFl[%, l1+np, -np, 2, Tan[i (e+-FxH , —Tan[i <e+-Fx)] |+

N

(e+'FXH2} +

3 5 1
npAppellFl[g, l+np,1-np, S’ Tan[; (e+Fx)] , ~Tan|

1
2

(1+np>AppellF1[§,2+np,—np, 3, Tan[%(eJr-FxHZ, —Tan[i(ewa)]z}
Tan[%(ewaHz)J]/ -F(—1+Tan[§(e+fx)]2
! ! 2 "P Tan 1 e+fx)]’
{(lJrTan[;(eJr-FXHZ)ZSeC{Z (e+fx)| Secle+fx]"PT [2( fx) |

1 3 2
[[SAppellFl[;,np,l—np, E,Tan[ (e+-FxH ~Tan| (e+fx>]}Cos[e+-Fx}

N |
N |

/

(EAppellFl[l, np,1-np, i, Tan[1 (e+-Fx)]2, ~Tan| (e+fx)}2} +
2 2 2

1
2
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2| (-1+np) AppellFl[z, np,2-np, 5, Tan[l (e+-FxH2,
2 2

2
—Tan[l (e+fx)}2} +npAppellF1{i, l+np,1-np, 5,
2 2 2
Tan[l(e+1:x)]2, —Tan[ (e+-FxH2} Tan[l(e+1:x)]2)+
2 2

N N IR

1 3
AppellFl[f, l+np, -np, —, Tan[
2 2

(e+-FxH2, —Tan[i e+fx)]2}/

(AppellFl[%, 1+np, -np, 3, Tan[i (e+FxH2, ~Tan|

(e+fx)]2} +

1
2
npAppellFl[S, 1+np,1-np, 3, Tan[% (e+fx)]7, —Tan[% (e+Fx”2] +

N

3 5 1 2
(1+np) AppellF1|[ =, 2+np, -np, =, Tan|[= (e+Fx) |,
2 2 2

—Tan[1 (e+fx”2}) Tan[1 (e+fx)]2)J -

2 2
1

1 2
Sec[~ (e+fx)| Secle+fx]"P
2(—1+Tan[l<e+fx)]2) 2
2

[(3Appe11F1[§, np,1-np, z, Tan{% (e+-FxH2, —Tan[% (e+fx>]2} Cos[e + f x]

/

(BAppellFl[l, np,1-np, i, Tan{l (e+1°x)]2, —Tan[l (e+fx)}2} +
2 2 2 2

2 ((—1+np) AppellFl[z, np,2-np, E, Tan| (e+-FxH2,
2 2

N |

(e+-FxH2} +npAppe11F1[i, l+np,1-np,
2

(e+-Fx)]2, ~Tan| (e+FxH2} Tan[% (e+fx

1

2

AppellFl[l, 1+np, -np, E, Tan[E (e+Fx”2, —Tan[l (e+fx)] }/
2 2 2 2

(AppellFl[l, 1+np, -np, i, Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2} +
2 2 2 2

3 5 1 2 1 2
npAppellFl[ =, 1+np,1-np, =, Tan[ = (e+fx)]|", —Tan[; (e+fx)]7]+
2 2 2

3 5 1 2
(1+np) AppellF1| =, 2+np, -np, =, Tan|[= (e+Fx) |,
2 2 2

—Tan[% (e+fx)}2} Tan{% (e+-Fx)]2)J -

1

npSecle+fx]¥"PSin[e + fx] Tan[l (e+fx)]
~1+Tan[t (e+fx)]? 2
2

(e+-FxH2, ~Tan| (e+fx>]2} Cos[e + f x]

/

1 3
[(3 AppellFl[f, np,1-np, —, Tan[
2 2

N |
N |

(EAppellFl[E, np,1-np, i, Tan[1 (e+-Fx)]2, ~Tan| (e+fx)}2} +
2 2 2

1
2
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2| (-1+np) AppellFl[z, np,2-np, 5, Tan[l (e+-FxH2,
2 2

2
—Tan[l (e+fx)}2} +npAppellF1{i, l+np,1-np, 5,
2 2 2
Tan[l(e+1:x)]2, —Tan[ (e+-FxH2} Tan[l(e+1:x)]2)+
2 2

N N IR

1 3
AppellFl[f, l+np, -np, —, Tan[
2 2

(e+-FxH2, —Tan[i e+fx)]2}/

(AppellFl[%, 1+np, -np, 3, Tan[i (e+FxH2, ~Tan|

(e+fx)]2} +

1
2
npAppellFl[S, 1+np,1-np, 3, Tan[% (e+fx)]7, —Tan[% (e+Fx”2] +

N

3 5 1 2
(1+np) AppellFl[;, 2+np, -np, >’ Tan[; (e+fx)]7,
1 2 1 2
~Tan[ = (e+fx)| ]| Tan[ = (e+fx) | )J—
2 2
1

Sec[e+1cx]”'°Tan[l (e+fx)]
—1+Tan[§(e+fx)]2 2

1 3 1 2 1 2
[[(BAppellFl[—, np,1-np, =, Tan| ~ (e+FxH , —Tan[; (e+fx)] ]
2 2 2

Sinfe + f x] (e+fx)]2,

1 3 1
/ [BAppellFl[f, np,1-np, —, Tan[f
2 2 2

—Tan[

N |

2 3 5
(e+fx)] ]+2((—1+np) AppellFl|[ =, np, 2-np, —,
2 2
1 2 1 2 3
Tan[ = (e+fx) ]|, 7Tan[; (e+fx)] ]+npAppe11F1[;,1+np,17np,
2

3, Tan[% <e+fx)]2, —Tan[% (e+fx)]2] Tan[% (e+fx)]2J] +

1 3 5 1 2
3Cos[e+fx] |-= (1-np) AppellF1[=, np, 2-np, =, Tan| = (e+fx) ]|,
3 2 2 2
1 2 1 2 1
~Tan|[ = (e+fx) ]| | sec|= (e+fx)]| Tan[= (e+fx) ]+
2 2 2
(e+fx)]%,

(eJr-I:x)]zTan[1 (e+fx)}))/

2

1 3 5
~npAppellF1[=, 1+np, 1-np, =, Tan|
3 P 2

N |

~Tan]| (e+fx)]2] Sec|

Lol NI
N |

(e+-Fx)]2, —Tan[l (e+fx)}2} +

3
(3 AppellFl[f, np,1-np, —, Tan[
2 2 2

N |

3 5 1 2
2((—1+np) AppellFl[g, np,2-np, S’ Tan[; (e+fx)]7,
1 2 3 5
~Tan| = (e+fx) | }+npAppellF1[g,1+np,1—np, S’
2
Tan[l(erFx)]z,—Tan[l(eﬂcx)}z} Tan[l(e+fx)]2 +
2 2 2

1 3 5 1 2 2
{—npAppellFl[—, 1+np,1-np, =, Tan[= (e+fx)|", -Tan[ = (e+fx)]| ]
3 2 2 2 2
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| v

Sec[l (e+1‘:xH2Tan[1 (e+fx” +l (1+np) AppellFl[i, 2+np, -np, —,
2

2 2 3 2

Tan[l(e+fx>]2,—Tan[l<e+Fx)]2]Sec[1(e+Fx)]2Tan[l(e+-FxH)/
2 2 2 2
(Appe11F1[1,1+np,—np, E, Tan[l(erFtz, —Tan[l(e+fx)]2}+
2 2 2 2

3 5 1 2 1 2

= |npAppellF1[ =, 1+np, 1-np, =, Tan[g(e+Fx)] s —Tan[; (e+fx)]7] +
2 2

(e+'FXH2,

N |

3 5
(1+np) AppellFl[g, 2+np, -np, S’ Tan|

—Tan[% (e+fx”2}) Tan[% (e+-Fx)]2 -

[SAppellFl[i, np, 1-np, g, Tan[% (e+fx)]2, 7Tan[§ (e+fx)]2]

3 5 1 2
Cos[e + fx] (2 [(71+np> AppellFl[;, np, 2-np, >’ Tan[; (e+fx)]7,
1 2 3
~Tan[ = (e+fx) | }+npAppe11F1[;,1+np,17np,
2
Tan[l(eﬂcx)]z,—Tan[l(eﬂcx)}z] Sec[l(eﬂcx ]2
2 2 2

1 3 >
Tan[= (e+fx)]|+3 (— (1-np) App81lF1{;, np,2-np, 2’

2

Tan[% (e+1°x)]2, —Tan[% (e+-FxH2] Sec{% (e+-FxH2

w |

1 1 3
Tan[ = (e+fx) | +;npAppellF1[£; l+np,1-np,
2

— N‘U’\

eJr-FxﬂzTan[1 (e+-Fx

—Tan[l(eJrfoz} Sec| X

2

N |

N

Tan[1<e+fx)]2[(*1+np> -2 (2-np) AppellF1[, np, 3-np,
5 2

2

—_—

g, Tan[% (e+FxH2, 7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[

1 3 5 7 1 2
— (e+fx) ]+ =npAppellFl[ =, 1+np, 2-np, —, Tan|— (e+fx)]",
2 5 2 2 2

1

~Tan| (e+fx)]2]5ec[ (e+Fx)]2Tan[§(e+-FxH +

N
N

<e+fx)]2,

N |

5 7
np|-=(1-np)AppellF1[=, 1+np, 2-np, —, Tan|
2 2

vl w

(e+-Fx)]2Tan[

N |

(e+fx)]2]5ec[ (e+Fx)]+

N |

—Tan[

N |

(e+-Fx)]2,

)/

3AppellF1[§, np, 1-np, 3, Tan[% (e+fx)]2, —Tan[% (e+fx”2} +

N |

5 7
(1+np) AppellFl[;, 2+np,1-np, S’ Tan|

ul|w

7Tan[§ (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]
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2 [(—1+np) AppellFl[i, np,2-np, E, Tan[1 (e+fx)]2,
2 2 2
5

-Tan| (e+1°x)]2] +npAppellF1[i, l+np,1-np, —,
2

N |
N

2

Tan[i(eﬂcx)}z,—Tan[ (e+fx)]2] Tan[i(eﬂcx)}z -

LN e

[AppellFl[l, 1+np, -np, i, Tan|— (e+fx)]2, 7Tan[l (e+fx”2]
2 2 2 2

1 3 5 1 2 1 2
(—npAppellFl[—, 1+np,1-np, =, Tan[ = (e+fx)|", -Tan[ = (e+fx) ]|
3 2 2 2 2

Sec[% (e+fx)]2Tan[§ (e+fx)] +§ (1+np

—

3 5
AppellFl[ =, 2+np, -np, —,
2 2

Tan[% (e+-FxH2, ~Tan| (e+fx)]2] Sec|

N |
N |

(e+fx)]2Tan[§ (e+fx)]+

(e+Fx)]2, fTan[l (e+-FxH2] +

2 3 5
f(npAppellFl[f,lJrnp,l—np, - Tan[ -
3 2 2 2

N |

3 5
(1+np) AppellFl[g, 2+np, -np, S’ Tan|

N |

(e+-Fx)]2, —Tan[% (e+
‘FXHZ] Sec[% <e+fx)]2Tan[§ (e+fx)] +§Tan[% (e+-Fx)]2

3 5 7 1 2
[np [7— (1-np) AppellF1[ =, 1+np, 2-np, —, Tan| = (e+fx) ],
5 2 2 2

7Tan[§ (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]+

3 (1+np) AppellFl[E, 2+np,1-np, Z, Tan[l (e+fx)]2,
5 2 2 2

~Tan| <e+fx)]2] Sec[% (e+-Fx)]2Tan[

N |

(e+'FXH +

N |

3 5 7 2
(1+np) gnpAppellFl{;,ZJrnp,l—np, ;,Tan[ (e+fx)]",

N |

~Tan| <e+fx)]2] Sec[% (e+-Fx)]2Tan[ (e+fx)]+

N |

1
2
[ <e+-Fx)]2,

)/

(AppellFl[l, 1+np, -np, i’ Tan[1 (e+fx”2, —Tan[1 (e+fx)]2} +
2 2 2 2

3 5
= (2+np) AppellF1[ =, 3+np, -np, Tan

7

e
5 2 2

2

[Eny
N |

—Tan[% (e+fx)]2] Sec[% (e+fx)] Tan[; (e+fx)]

2 3 5 1 2 1 2
= (npAppellFl[—, l1+np,1-np, =, Tan[ = (e+fx)]", -Tan[ = (e+fx)] |+
3 2 2 2 2

(1+np) AppellFl[i, 2+np, -np, E, Tan[1 (e+-Fx)]2,
2 2 2
~Tan| <e+1:x)]2] Tan| H

N |
N |

(e+fx>]2]2]
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Problem 234: Unable to integrate problem.

dx

J(c (dsecle+fx])P)"

a+aSecfe+fx]

Optimal (type 5, 208 leaves, 7 steps):
(c (dsec[e+fx])P)"sin[e+fx]

f(a+aSecle+fx])
1 1 1
(COS[E+‘FX] Hypergeometric2F1[ =, = (1-np), N (3-np), Cosle+fx]?]
2 2

(c (dsec[e+fx])P)"sin[e+fx]

+

/(af Sinfe+ fx]?

, , 11 1 ,
((1—np) Cos [e + f x] > Hypergeometric2F1[ =, = (2-np), — (4-np), Cos[e + fx]?]
2 2 2

(c (dsec[e+fx])P)"sin[e+fx]

/(af(Z—np) Sin[e + fx]?

Result (type 8, 29leaves):
J(c (dsec[e+fx])P)"

a+aSecfe+fx]

dx

Problem 235: Unable to integrate problem.

ds f PAn
J(c( ecle+fx])P) i

(a+asSecle+fx])?

Optimal (type 5, 248 leaves, 8 steps):
. 1 np
[2 (2-np) Hypergeometric2Fl| -, - by

s 1 (2-np), Cos[e+fx]?]
2 2

(c (dsecfe+fx])P)"sinle+fx]

/(3azf Sin[e+-Fx}2)—

( (3-2np) Cos[e+fx] Hypergeometric2Fi |

N |

1 1
, —(1-np), = (3-np), Cos[e+fx]?
S (1-np), > (3-np), Cosfe+fx]?]

/(3a2'F Sin[e+fx}2)—

2(2-np) (c(dsecfe+fx])P)"Tan[e+fx] (c (dSec[e+fx])P)"Tan[e+fx]

(c (dsec[e+fx])P)"sin[e+fx]

3a2f (1+Sec[e+fx]) 3-F(a+aSec[e+1cx])2

Result (type 8, 29 leaves):

J(c (dsecfe+fx])P)"

(a+aSec[e+Fx])2

dx
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Problem 240: Result more than twice size of optimal antiderivative.

dx

(c (dsecfe+fx])P)"
J a+bSecle+fx]
Optimal (type 6, 206 leaves, 7 steps):

2 cs 2
L senira[E, ™2, 1, 2, singe s, 2SI
(az,bZ> f 2 2 2 22 b2
1
(a?-b2) f
asinfe+fx)*
a2-b?

(Cos[e+fx12)§(’1+"p) (c (dsecle+fx])P)"sin[e+fx]

(Cos[e+fx]2)% (c (dsec[e+fx])P)"sin[e+fx] +

1 3
aAppellFl[;, (-1+np), 1, S’ Sin[e + fx]2, | coste+ fx]

N |

Result (type 6, 5411 leaves):

3
, —» -Tan[e+fx]?] +

n ) 11
(c (dsecle+fx])P)"Tan[e+fx] |-bHypergeometric2F1|—, — -
2 2

np

2 2

s 1 np 3 2 2 2 2

aHypergeometric2F1[—, 1- —, =, -Tan[e+fx]?| + |3ab’ (a’-b?)
2 2 2

1 n 3 b2 Tan[e + f x]? n
AppellFi|—, ——p, 1, =, -Tan[e +fx]2, #] <1+Tan[e+fx]2)zp]/
2 2

2 a2 b2
1 n 3 b2 Tan[e + f x]?2
3 (a’-b?) AppellFi| -, 7—p, 1, =, -Tan[e + fx]2, #] .
27 2 2 a? b2

3 n 5 b2 Tan[e + f x]?2
[2 b? AppellFi[ =, —i, 2, =, -Tan[e + fx]?, #} +(a®-b%) np
2 2 2 a? - b?
3 n 5 , b’Tan[e+fx]? 5
AppellFl[ =, 1- —,1, =, -Tan[e+fx]?, ————————] | Tan[e + fx]
2 2 2 a?-b?

3

(a®-b? (1+Tan[e+fx]2>)] + (Bb3 (a®>-b?) AppellFl[l, —1—2, 1, 3
2 2 2 2
b2 Tan[e + f x]? 1

~-Tan[e +fx]2, ] (1+Tan[e+fx]2)z<1+np)J/
a?-b?

3 , b?Tan[e+fx]2
, 1, —, -Tan[e+fx]%?, ——————
2 a2 - b2

5 , b?Tanfe+fx]?
2, —, -Tan[e+ fx]%?, ——
2 a?-b?

} +

[(3 (a®-b?) AppellFl[l, 1
2 2

ne
2
|+

b2 Tan[e + f x]?

a%-b?

3 1 n
[2 b? AppellF1[ =, - = - —p,
2 2 2

]

(a®-b%) (1+np) AppellFl[i, 1 Q, 1, E, ~Tan[e + fx]2,
2 2 2 2

Tan[e + fx]? a’f (a+bsSecle+fx])

1
(—Sec[eﬂ"x}2
aZ

|
c
T
<
o
[
»)
o
D
o
3
[}
+
]
.
0
N
M
[N
N |
-
I
|




Mathematica 11.3 Integration Test Results for 4.5.2.1 (a+b sec)”™m (c+d sec)™n.nb | 169

1 n 3
aHypergeometric2F1| =, 1 - —p, ~, -Tan[e+fx]?] + [3ab® (a® - b?)
2 2 2
1 n 3 b2 Tan[e + f x]?2 np
AppellF1| -, ——p, 1, =, -Tan[e +fx]2, #] (1+Tan[e+fx)?) zp]/
2 2 2 a? - b?
1 n 3 b2Tan[e + f x]?
[(3 (a® - b?) AppellFi[ -, —i, 1, =, -Tan[e+fx]?2, #] +
2”2 2 a? - b2
3 n 5 b2 Tan[e + f x]?2
(2 b? AppellF1| ~, ——p, 2, =, -Tan[e+fx]2, #] +(a®-b*)np
2 2 2 a? - b?
3 np 5 , b’Tanfe+fx]? 5
AppellFl[*J 1-—,1, —, -Tan[e+fx]%, —] Tan[e + f x]
2 2 2 a2 b2

(a®-b? (1+Tan[e+fx}2))] + (Bb3 (a®-b?) AppellFl[l, —l—ﬂ, 1,
2 2

2
3 b2 Tan[e + f x]? 1,
=, -Tan[e+fx]?, #] (1+Tan[e+1‘:x]2)z(1"p)]/
2 a? - b?
1 1 n 3 b2 Tan[e + f x]?2
[(3 (a® - b?) AppellF1[—, -~ - —p, 1, —, -Tan[e+fx]2, #} N
27 2 2 2 a2 _ b2

) 3 1 5 , b?Tanfe+fx]?
2b% AppellF1[=, - = - —, 2, =, -Tan[e+fx]2, —————— ] +
2 2 2 2 aZ - b?
3 1 n 5
(a®-b?) (1+np) AppellF1|—, —7—p, 1, =, -Tan[e + fx]2,
2 2 2 2

b2 Tan[e + fx]?

|| Tan[e + £x]?
a? - b? ]

(—aerb2 (1+Tan[e+fx}2>)]J +

3 2
1, —, -Tan[e+fx]°,

6ab* (a’-b?) AppellFl[l, -
2

2

1
— Tan[e + f x]
a2

np
)
2

2 2 B
M] Sec[e+fx]*Tan[e+fx] (1+Tan[e+fx]2)zj/

a27}32
1 n 3 b2Tan[e + fx]?
[(3 (a® - b?) AppellFi[ -, —i, 1, =, -Tan[e + fx]?2, #] +
2 2 2 a? - b?
3 n 5 b2 Tan[e + f x]?2
(2 b? AppellF1| ~, ——p, 2, =, -Tan[e+fx]2, #] +(a®-b*)np
2 2 2 a%-b?
3 np 5 , b’Tanfe+fx]? 5
AppellFl[—, 1-—,1, —, -Tan[e+fx]7, —] Tan[e + f X]
2 2 2 a? - b?
1
(a*-b? (1+Tan[e+fx}2))2J +|3ab? (a®-b?) [72 b? AppellF1|
3 (a? - b?)
3 np 5 , b?Tanfe+fx]? )
- -—, 2, —, -Tan[e + fx]*, —] Sec[e+fx]“Tan[e+fx] +
2 2 2 a’-b?
1 3 np 5 , b?Tan[e+fx]2
fnpAppellFl[f, 1-—,1, —, -Tan[e + fXx]%, —]
3 2 2 2 a? - b?

Sec[e+fx]?Tan[e + fx]

<1+Tan[e+fx]2)%]/
|+

1 n 3 b2Tan[e + fx]?
3 (a% - b?) AppellF1| —, ——p, 1, =, -Tan[e + fx]2, biTanfe+fx]°
2" 2 2 a? _ p2
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3 .n > b2 Tan[e + f x]2
(2 b? AppellFi[ =, 0P, 2, ~Tan[e + fx]?, #] .
2 2

2 a27b2
3 n 5 b2 Tan[e + f x]2
(a®-b?) npAppellF1|—, 1- —p, 1, =, -Tan[e+fx]?2, #]
2 2 2 a2 _ b2
Tan[e+ fx]?| (a*-b? (1+Tan[e+fx]2>)]+

n 3 b2 Tan[e + f x]2
p, 1, =, -Tan[e + fx]2, #}

1
[Bab2 (a®-b?) npAppellFl|—, - —
2”2 2 a2 _ b2

Secle+fx]*Tan[e+fx] (1+Tan[e+fx
bZTan[e+fx}2]
ap biTanfe+fTx]”,
2 2 a2 _ b2
bZTan[e+-Fx]2]
prianiexrxity .

a2_b2

((3 (a®>-b?) AppellFl[l, -
2

) 3 np 5 )
2b AppellFl[f, -—, 2, —, -Tan[e+fx]°,
2 2

N

5 , b?Tan[e+fx]?
»1, =, -Tan[e+fx]?, ——— |

3
a’-b?) npAppellF1l| =, 1- —
( ) npApp [2 A , e

Tan[e + fx]? (az—b2 (1+Tan[e+fx12))] -

1 1 n 3 b2 Tan[e + f x]?2
[6 b> (a® - b?) AppellF1|—, - — - —p, 1, =, -Tan[e +fx]2, #]
27 2 2 2 22 b2
1
Secle+fx]%Tan[e + f x] (1+Tan[e+fx12>z<1+np))/
1 1 n 3 b2 Tan[e + f x]?2
{(3 (a® - b?) AppellF1[—, - — - —p, 1, =, -Tan[e + fx]2, #} N
2" 2 2 2 22 b2
) 3 1 np 5 , b?Tan[e+fx]?
2b%AppellFl| =, -~ - —, 2, =, -Tan[e+fx]?, ————————| +
27 2 2 2 22 b2

(a®>-b%) (1+np) AppellFl[z, 1 E, 1, E, ~Tan[e +fx]2,
2 2 2 2

b2Tan[e + fx]?2

a27b2

]J Tan[e + fx]?| (-a%+b? (1+Tan[e+fx]2))2 +

5 2
2, —, -Tan[e+fx]*,

np
)
2 2

[3 b® (a% - b?) [71 2b? AppellFl[i, 2
3 (a?-b?) 2 2

b2 Tan[e + f x]2 5
—} Sec[e+fx]“Tan[e +fx] -

a’-b?
2 1 n 3 1 n 5
- [—f— i] AppellFl[f, f—fp, 1, =, -Tan[e + fx]?,
3 2 2 2 2 2 2
b2 Tan[e + f x] 2 1
%}Sec[ewa}zTan[ewa} (1+Tan[e+Fx]2)z(1*”p>J/
a‘-b

1 1 np 3 , b?Tan[e+fx]?
- -—-—,1, —, -Tan[e + T x] ,—}Jr
2

3 (a% - b?) AppellF1 -

(( ( ) [2 2 2 a2 - b?

3 1 n 5 b2 Tan[e + f x]2

(2 b? AppellFl[ =, - = - —p, 2, =, -Tan[e+fx]2, #] .
27 2 2 2 a? _ b2
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3 1 n 5

(a®-b?) (1+np) AppellF1| =, f—fp, 1, =, -Tan[e+fx]?2,
2 2 2 2

b2 Tan[e + fx]2

P— ]JTan[e+Fx}2
a‘-b

(-a*+b? (1+Tan[e+fx}2>)] +

3 2
1, —, -Tan[e+fx]~,
2

[3 b*> (a*-b?*) (1+np) AppellFl[l, 1 Q,
2 2 2
b2 Tan[e + f x]?

1
R | secfe+fx]?Tan[e + fx] (1+Tan[e+fx]2)'1*z(1*"“]/
a‘-b

1 1 n 3 b2 Tan[e + fx]?
{(3 (a> - b?) AppellF1[—, - — - p, 1, =, -Tan[e + fx]?, b Tan[e+Tx]”
2

T }_'_
2 2 2 a2 _ p2

5 , b’Tanfe+fx]?
—, -Tan[e+fx]*, ——
2 aszz
p

n 5 , b?Tan[e+fx]2
—,1, =, -Tan[e+fx]?, —————|
2 2 2 a? _ b2

3 1 n
(2 b? AppellFl[ =, -~ - p, 2,
2

Y (ot

3 1
(1+np) AppellF1] =, — -
2

Tan[e + f x]?2

(-a*+b* (1+Tan[e+fx]?))| +aCscle+fx] Sec[e+fx]

. 1 np
(—Hyper‘geometr‘1c2F1 (=, 1-—
2 2

3 L
» —» -Tan[e+fx]?] + (1+Tan[e+fx]?) ! zp) -b
Csc[e+fx] Sec[e +fx]

2

(—Hyper‘geometr‘icZFl[

3

N |-

n 3 1
——p, -, —Tan[e+fx]2]+(1+Tan[e+fx]2) 2 zp]_
2 2

3 , b’Tanfe+fx]?
1, —, -Tan[e+fx]*, ——————

2 a27b2 ]

, —

N R NP

{3 b® (a® - b?) AppellF1|

N |

np
2 3

2\ = (1+np)
(1+Tan[e+-Fx} )z S

2 2

) 3 np 5 5

212b AppellFl[ —, 2, —, -Tan[e+fx]*%,
2 2

b2 Tan[e + f x]?

a?-b? ’

| + (a®-b?) (1+np) AppellF1|

N W
N |

np
*7)1.!
2

5 , b?Tan[e+fx]2
—, -Tan[e+fx]*, ——

— || secle+fx]?Tan[e+fx] +
2 a‘-b

3 (a?-b?)

—————2b? AppellF1| i, -
3 (a2 -b?) 2

b2Tan[e + fx]?2

a? - b?

5 2
2, —, -Tan[e+fx]~,
2

N |

np
]
2

2
3
b2 Tan[e + f x]?2

a? - b?

) 1 np 3
| secle+fx]?Tan[e+fx] - (————) AppellF1[ =,
2 2 2

n
- —p, 1, =, -Tan[e+fx]2,
2

N |

1
- ]Sec[e+-Fx}2Tan[e+1°x}J+
2

Tan[e + f x]?

)

1 5 1 n 7
2b? | —————12b? AppellF1| =, - — - —p, 3, —
2 2 2

5 (a? - b?) 2 2
b2 Tan[e + f x]?

aZ_bZ

2 2 6
-Tan[e+fx]%, }Sec[ewa] Tan[e+fx] - —
5
1 n 5 1 n 7 b?Tan[e + fx]2
(————pJ AppellFi| =, =P o, L, CTanfes £x12, biTanle ¥ x]” ]
2 2 2 2 2 2 aZ-b?

Sec[e+Fx]2Tan[e+Fx]}+(a2bz) (1+np) ﬁ
5(a*-b
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7 , b2Tan[e+fx]2
2, =, -Tan[e+fx]?, ———————]
2 a? - b?
6
Sec[e+fx]?Tan[e+fx] - —
5

np
B
2 2

> >
6b AppellFl[ ,
2

np

2

b2 Tan[e + f x]? ,
—} Sec[e+fx]“Tan[e + f X]

5
AppellF1]| =,
2

N —

~Tan[e + fx]?, R
1 1 n 3 b2 Tan[e + f x
(3 (a® - b?) AppellF1[—, - — - 2P 1, 2, Tanfe+ £x]2, #} +
2 2 2 2 aZ-b?
5 3 1 np 5 , b?Tanfe+fx]?
2b?AppellFl| =, - = - —, 2, =, -Tan[e+fx]?, ———————| +
2 2 2 2 aZ-b?
3 1 n 5
(a*>-b%) (1+np) AppellF1][ =, — - —p, 1, =, -Tan[e + fx]?2,
2 2 2 2

2
(-a*+b? (1+Tan[e+fx]?))| -

b2 Tan[e + fx]? 5
————— || Tan[e + fx]
aZ_bZ
bZTan[ewa]z}

1 n
3ab? (a’-b?) AppellFl| -, —i, 1, =, -Tan[e + fx]?2,
2 2 2 a2 - b?

s
~|3

(1+Tan[e+fx]?)
5 , b’Tanfe+fx]?
2, —, -Tan[e+fx]*, ——————
a? - b?

2

3 np
2 (2 b? AppellFl[;, P ]+

3 n 5 b2 Tan[e + f x]?
(a®-b?) npAppellF1[—, 1- i, 1, =, -Tan[e +fx]2, #]
2 2 2 aZ-b?

Sec[e+fx]*Tan[e+fx] +3 (a?-b?) 2b2AppellF1[i,
3 (a? - b?) 2

b2 Tan[e + f x]? 5
——————| Secle+fx]?Tan[e +fx] +

np 5 )
-—5 2, —, -Tan[e + fx]*,
2 2 a2 _ p?
5 , b?Tan[e+fx]?
—, -Tan[e +fx]*, —]
aZ_bZ

1 3 np
~npAppellF1[ =, 1- —, 1,
3 2 2 2

5
12 b? AppellF1[ =,

2 b2
2

+Tan[e + fx]?

Sec[e+fx]?Tan[e + f x]
5 (a2 - b?)

b2 Tan[e + f x]? 5
——————] sec[e+fx]?Tan[e +fx] +

np 7 5
-—, 3, —, -Tan[e+fx]°,
2 2 a? - b?
7 , b?Tan[e+fx]2
—, -Tan[e + fx]?, —}
az-b?

3 5 np

—n pAppellFl[f, 1-—, 2,

5 2 2 2
1

5 (a2 - b?)
bZTan[e+-Fx}2}

o8|

Sec[e+fx]?Tan[e + fx]

) 5 np 7 )
6b AppellFl[f, 1-—,2, —, -Tan[e+fx]%,
2 2 2 a? - b?
) 6 np 5 np 7
Sec[e+fx]“Tan[e+fx] - — 1—*] AppellFl[f,Z—f, 1, —,
5 2 2 2 2

1%

, b?Tanfe+fx]? 5
-Tan[e + fx]2, ﬁ} Sec[e+fx]%Tan[e + fx]
a‘-b
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1 n 3 b2 Tan[e + f x]?2
3 (a% - b?) AppellF1| —, ——p, 1, =, -Tan[e +fx]2, #] .
2" 2 2 a? - p2

5 3 np 5 , b?Tan[e+fx]2
2b? AppellFl| =, - —, 2, =, -Tan[e+fx]?, ———————| +
2 2 2 a? - b?

3 n 5 b2 Tan[e + f x]?2
(a>-b%) npAppellF1| =, 1- i, 1, =, -Tan[e + fx]?2, #]
2 2 2 a? - b2

|

Problem 241: Result more than twice size of optimal antiderivative.

J(c (dsecie+fx])P)"

(a+bsecle+fx])?

2
Tan[e+fx}2J (a% - b? (1+Tan[e+fx]2))J]

dx

Optimal (type 6, 322 leaves, 10 steps):

1 1 1 3. a’?sSin[e+fx]?
-——————2abAppellF1[~, — (-2+np), 2, =, Sinfe+fx]?, ———————|
(a2-b2)? f 202 2 22 b2
(Cos[e+fx]2)?(c (dSec[e+Fx])p>nSin[e+-Fx}+;
(a2 -b%)*f
5 11 3. , a’Sinfe+fx]?2
a AppellFl[;, ; (-3+np), 2, ;, Sinfe + fx]2, z—bz} Cos[e + f X]
a —
(Cos[e+fx]2)§<’1+"p) (c (dsec[e+fx])P)"sin[e+fx] +;
(a2 -b%)*f
24 2
bZAppellFl[l, : (-1+np), 2, i, Sin[e + fx]2, M}
272 2 a? - b?

1
Cos[e+fx] (Cos[e+fx]?) Z (e

(c (dsec[e+fx])P)"sinle+fx]

Result (type 6, 10678 leaves):

1 n 3
[(c (dsecle+fx])P)" —fBZbHyper‘geometr‘iCZFl[ i, =, -Tan[e+fx]?] Tan[e + fx] +
a 2 2

N |

1
INE)
2

1 . 1 np 5
—ZHyper'geometr'lczFl[—, 1-—, =, -Tan[e+fx]?]| Tan[e + fx] -
a 2 2
1 1 b2Tan[e+fx]2
(Gb3 (a>-b?) AppellF1[—, - —- —, 2, =, -Tan[e+fx]? #]
2 2 2 a? _ b2
1
2

a 3<a2—b2) AppellFl[l 717np M
’ a? - b2

5 b2 Tan[e + f x]?
P 3,2, Tanle«fx]2, #]Jr
2 a2 - b2

, -Tan[e +fx]?, |+
2
2 3 .1
4 b? AppellFl[ =,
2

N
N |

3 1 n 5 b2 Tan[e + f x]?2
(a®-b%) (1+np) AppellF1| =, ———p, 2, =, -Tan[e + fx]?, #]
22 2 2 aZ-p?

| 173
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Tan[e+fx]?| (a®-b? (1+Tan[e+1‘:x12>)2} +

szan[e+fx]2}

a2 -b?

1 n
(6 b® (a® - b?) AppellF1|—, ——p, 2, =, -Tan[e+ fx]2,
2 2

\N\UJ

Tan[e + f x] (1+Tan[e+-Fx}2>Hzp]

1 n 3 b2 Tan[e + f x]?2
[(3 (a® - b?) AppellFi[ -, 7—p, 2, =, -Tan[e+fx]2, #] N
27 2 2 a? _b?
3 n 5 b2 Tan[e + f x]?2
(4b2AppellF1[—, ——p, 3, =, -Tan[e + fx]?, b Tanfertx]” |+ (a*>-b%) np
2 2 a2 - b2
3 np 5 , b’Tan[e+fx]? 5
AppellFl[—, 1-—,2, —, -Tan[e+fx]7, —] Tan[e + f Xx]
2 2 2 a? _ b2
1 n 3
(a®-b? (1+Tan[e+fx12))2] + [6b3 (a® - b?) AppellF1[=, - = - P2
2 2 2 2
b2 Tan[e + f x]? 1,
~Tan[e +fx]?, %]Tan[eﬂcx] (1+Tan[e+fx)2)z 4P /
a‘-b
1 1 n 3 b2Tan[e + fx]?2
[a3 {3 (a® - b?) AppellF1[—, - — - —p, 1, =, -Tan[e + fx]2, #] .
27 2 2 2 a2 b2
3 1 n b2Tan[e + fx]?2
(szAppellFl[—, -=- —p, 2, =, -Tan[e + fx]2, #] +
27 2 2 a? _ b2

1 n 5 b2 Tan[e + f x]?2
_MP g, 2, ~Tan[e + fx]?, M]]
2

3
2_p?) (1 AppellF1| =, =
(a® -b%) (1+np) AppellF1[~, ~ A o

N

Tan[e+fx]?| (-a*+b? (1+Tan[e+1‘=x]2))] -

bZTan[ech]z}

, -Tan[e+fx]2,
a’-b?

(3 b® (a% - b?) AppellFl[l, -2, 1,
2 2

Tan[e+fx] (1+Tan[e+fx]?)=

=
T~ N W

b2 Tan[e + f x]?

1 n 3
{az {3 (a*- b?) AppellFi[—, ——p, 1, =, -Tan[e + fx]?, |+
2 2 2 a% - b?
3 n 5 b2 Tan[e + f x]?
(zbzAppellFl[—, 7—p, 2, =, -Tan[e + fx]2, #} +(a®-b%) np
2 2 2 a?-p?
3 np 5 , b?Tan[e+fx]? 5
AppellF1l[ =, 1- —, 1, =, -Tan[e+fx]?, ————————] | Tan[e + fx]
2 2 2 a2 -b?

~

|

1 . 1 1 np 3 ) 2
——32bHyper‘geometr‘1c2F1[—, ———, —, -Tan[e + f X] ] Sec[e+fx]°+
2

(-a?+b? (1+Tan[e+fx]2))] (f(a+b5ec[e+fx})2

a 2 2 2
1
aZ
. 1 np 3 ) )
Hypergeometric2F1| =, 1- —, =, -Tan[e + fx]?| Sec[e + fx]? -
2 2 2
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1 1 n 3 b2 Tan[e + f x]?
(24b5 (a® - b?) AppellF1[—, -~ - 0P, 2, ~-Tan[e + fx]?, biTanfer TxJ7
2 2 2 2 a? - b?

]

1
Sec[e+fx]?Tan[e+fx]? (1+Tan[e+fx}2>2(1+np)]/

1 1 n 3 b2Tan[e + fx]?
[a 3 (a’-b?) AppellF1[—, - = —p, 2, =, -Tan[e+fx]2, #] .
27 2 2 2 a2 _ b2
5 3 1 np 5 , b?Tanfe+fx]?
4b2AppellFi[=, -=-—,3, >, Tan[e+fx]?, — | +
27 2 2 2 22 b2
3 1 n 5 b2 Tan[e + f x]?
(a®-b?) (1+np) AppellF1|—, —7—p, 2, =, -Tan[e + fx]2, #]
22 2 2 a2 b2

Tan[e + f x]?

(a% - b? (1+Tan[e+fx}2>)3J +

1 n 3 b2Tan[e + f x]?
24b* (2 - b?) AppellFi| -, ——p, 2, =, -Tan[e + £x]2, b"Tanfe+Tx]”
2 2 2 aZ - b?

]

Secle+fx]%Tan[e + f x]? (1+Tan[e+Fx}2)nsz/

np 3 , b?Tanfe+fx]?
—,2, =, -Tan[e+ fx]?, —MM—
2 2 aZ-b?

b2 Tan[e + f x]?2

]+

{(3 (a® - b?) AppellFl[l, -
2

| w

(4b2AppellF1[ s _np) 3, E, ~Tan[e + fx]2, |+ (a*>-b%) np

2 2 2 a? - b?
3 np 5 , b?Tan[e+fx]2 5
AppellFl][ =, 1- —, 2, =, -Tan[e+fx]?, ———————] | Tan[e + fx]
2 2 2 a? - b?
1 1 n 3
(a®-b? (1+Tan[e+fx}2))3] - [6b3 (a® - b?) AppellF1[—, - — - —p, 2, =,
2 2 2 2

2 1
~Tan[e+fx]?, ———————] Sec[e+fx]? (1+Tan[e+fx]2)?<l+”p>J/

1 1 n 3 b2 Tan[e + f x]?2
{a (3 (a® - b?) AppellF1[—, - = - —p, 2, =, -Tan[e +fx]2, #] .
27 2 2 2 22 b2
3 1 n 5 b2 Tan[e + fx]?
(4b2AppellF1[—, - —p, 3, =, -Tan[e + fx]2, #] .
20 2 2 2 a? b2

2, =, -Tan[e+fx]2,

(a?-b%) (1+np) AppellFl[i, = Q,
2 2 2

N u

b2 Tan[e + f x]?
a? - b? ]

Tan[e + f x]?

(a% - b? (1+Tan[e+fx}2>)2J - |6b° (a* - b?) Tan[e + f x]

1 5 3 1 np 5 , b?Tan[e+fx]2
———4b AppellFl[f, -—- » 3, —, -Tan[e+fx]*, —]
3 (a?-b? 2 2 2 2 a? - b?
) 2 1 np 3 1 np 5 )
Sec[e+fx]“Tan[e+fx] - — (—*—*) AppellFl[f, ——-—5,2, —, -Tan[e+fx]°,
3 2 2 2 2 2 2

b2Tan[e + fx]?

— | secle+fx]?Tan[e + fx]
a‘-b

(1+Tan[e+fx]2)§<1*"m}/

3 , b’Tanfe+fx]?
2, =, -Tan[e+fx]?, ———————
2 a?-b?

{a (3 (a% - b?) AppellFl[l, 1 ne, ]+
2 2 2
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5 , b’Tanfe+fx]?
3, =, -Tan[e+fx]?, ——M—
2 a? - b?

|+

3 1 n 5 b2 Tan[e + f x]?2
(a?-b%) (1+np) AppellF1][ =, f—fp, 2, =, -Tan[e+fx]?2, b Tanfextx]”
2 2 2 2 a2 -b?

3 1 n
(4 b% AppellF1[ =, - = - —p,
20 2 2

]

Tan[e + f x]?2

(a® - b? (1+Tan[e+fx]2>)2} -

b2 Tan[e + fx]2

a2 -b?

2, =, -Tan[e + fx]2,

/

]

(6 b*> (a®*-b?*) (1+np) AppellFl[l, L
2

np
B
2 2

N W

1
Secle+fx]2Tan[e+fx]2 (1+Tan[e+fx]2) 1z NP

1 1 n 3 b2Tan[e + fx]?
{a 3 (a®-b?) AppellF1[—, - = - 0P o, 2, “Tanfe« £x]2, #] +
2 2 2 2 a? - b?
5 3 1 np 5 , b?’Tanfe+fx]?
4b%AppellF1[ =, -~ - —,3, =, -Tan[e+fx]?, ——————| +
20 2 2 2 a? - b?
3 1 n 5 b2 Tan[e + f x]?2
(a®-b%) (1+np) AppellF1| -, ———p, 2, =, -Tan[e + fx]2, #]
2 2 2 2 a’-b?

Tan[e + f x]?

(a% - b? (1+Tan[e+1‘:x12>)2} +

1 b2 Tan[e + f x]?
(6 b2 (az—b2> AppellFl[;, - ]2, ﬁ}

2
Secle + fx]? (1+Tan[e+-Fx}2>"sz/

1 n 3 b2 Tan[e + f x]?
[(3 (a®-b?) AppellF1]| —, 7—p, 2, =, -Tan[e+ fx]?2, #] .
27 2 2 a? b2
3 np b2 Tan[e + f x]?

{4b2AppellF1[ , - —, 3, E, -Tan[e + fx]2, |+ (a*>-b%) np

2 2 2 a’-b?

3 np 5 , b’Tan[e+fx]? 5
AppellFl[—, 1-—,2, —, -Tan[e+fx]7, —] Tan[e + f X]

2 2 2 a? - b?

(a® - b? (1+Tan[e+Fx}2>)2J + |6b* (a®-b?) Tan[e + f x]

, b?Tan[e+fx]2 ,

, -Tan[e+fx]?, ————————] Sec[e+fx]
a? - b?

b2 Tan[e + fx]?2

a? - b?

) 3 np
4b% AppellFl[ =, - —, 3,
2 2 2

e

1 3 np
Tan[e+fx] + —npAppellF1[ =, 1- —, 2,
3 2 2

N u

, -Tan[e + fx]2,

|

Now

Sec[e+fx]?Tan[e + fx]

(1+Tan[e+fx]2)"zp]/

3 , b?’Tanfe+fx]?
2, =, -Tan[e+fx]?, ———————| +
2 aZ-b?

5 , b?Tan[e+fx]?
3, -, -Tan[e+fx]?, ————
2 a’-b?

[(3 (a®-b?) AppellFl[l, —Q,
2 2

2 3
4 b? AppellFl[—,

np
)
2 2

|+

y 3 np 5 , b?Tan[e+fx]?2
(a® - b?) npAppellF1[ =, 1- —, 2, =, -Tan[e+fx]?, ————————
2 2 2 a? - b?

]
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Tan[e + fx]2 (az—b2 (1+Tan[e+1‘:x12>)2

+

1 3 b2 Tan[e + f x]2
(6 b® (a> - b*) npAppellFl|—, - p, 2, =, -Tan[e +fx]2, #}
2 2 2 a2 _ b2

/

1 n 3 b2 Tan[e + f x]?2
[(3 (a* - b?) AppellFl[;, 7—p, 2, =, -Tan[e + fx]2, #] .

Sec[e+fx]?Tan[e + fx]? (1+Tan[e+fx}2)’1*n7p

2 2 aZ-b?
) 3 np 5 , b?Tan[e+fx]?
412 AppellFl[=, - —, 3, =, -Tan[e+ fx]?, ——————— | +
2 2 2 a? - b?

3 n 5 b2 Tan[e + f x] 2
<a27b2) npAPPenFl[_: 1- _p) 2, —, —Tan[e+-Fx]2, #}
2 2 2 a2 _ b2

Tan[e + f x]?

(a®-b? (1+Tan[e+fx}2>)2J -

1 1 n 3 b>Tan[e + f x]2
12b° (a® - b®) AppellF1[—, - = - _p) 1, =, —Tan[e + fx]2, #}
2" 2 2 2 a2 b2

Sec[e+fx]2Tan[e+fx]? (1+Tan[e+fX}2>z(1+np)]/

3 b2 T fx]?
{a3 3 (a® - b?) AppellF1] —, np 12 anfe+*x]

) 1, 5, —Tan[e+-FX ,T]+

NI'—‘ N\I—‘

) 3 , b’Tanfe+fx]?
2b? AppellFl| =, - ,2, =, -Tan[e + fx]2,
2

1
2
w Zrenles Txl)
— +
2 2 a27b2

2 2
(a?-b%) (1+np) AppellFl[i, l_"p, 1, E, ~Tan[e+fx]2, M]
2

2 2 2 a? - p?

Tan[e + f x]?2

(-a*+b? (1+Tan[e+1‘x]2)>2) +

1 n 3 b2 Tan[e + f x]?
(6 b* (a® - b?) AppellFi[—, —i, 1, =, -Tan[e + fx]?, #}
2 2 2 a? - b?

/

np

Secle+fx]*Tan[e+fx]* (1+Tan[e+fx]?) 2

1 n 3 b2 Tan[e + fx]2
{az 3 (a® - b?) AppellF1| -, J0P g2, ~Tan[e + fx]?, #} .
27 2 2 a? _ b2
3 n 5 b2Tan[e + fx]2
[2 b? AppellF1] -, TP, 2, ~Tan[e+ fx]?, #} +
27 2 2 a? b2
3 n 5 b2 Tan[e + fx]2
(a®-b?) npAppellF1|—, 1- _p) 1, =, -Tan[e+fx]?, #}
2 2 2 a? _ b2

Tan[e+fx]?| (-a®+b? (1+Tan[e+-Fx]2))2

+

b*Tan(e+fx)*

3 2 2 l 1 p
(Gb (a —b)AppellFl[z,— -1, 22 _ b2

, -Tan[e + fx]?,
2 2

]

3
2
Secle+fx]*(1+Tan[e+fx]? ) (ene) ]
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1 1 n 3 b?Tan[e + fx]2
{a3 {3 (a* - b?) AppellF1[—, - — - oP 4, 2, ~Tan[e + fx]?, b Tanfe+¥x]” ] +
27 2 2 2 a? _ b2
3 1 n b Tan[e + f x]?
{szAppellFl[, - —p, 2, =, -Tan[e + fx]2, #] .
2 2 2 2 a2 - b?
31 n 5 b% Tan[e + f x]?
(a®-b%) (1+np) AppellF1|—, ———p, 1, =, -Tan[e + fx]2, #]
2”2 2 2 22 b2
Tan[e+fx]?| (-a®>+b? (1+Tan[e+fx]?)) |+
3 1 n 5
6b’ (a®-b?) Tan[e+fx] | —————2b*AppellF1[—, - — - —p, 2, =,
3 (a? - b?) 2 2 2 2

b*Tanfe + fx]*

az-b?

2

-Tan[e + fx]?2, | secie+fx]?Tan[e+fx] -

5 , b’Tan[e+fx]?
,1, =, -Tan[e+fx]?, ————————|
2 a27b2

/

2 1 n 3 1 n
- ____p) AppellF1| =, = _Ip
3 2 2 2 2 2

1

(1+Tanfe+fx)2)z P

Sec[e+fx]?Tan[e + fx]

bZTan[e+-Fx]2]
- +

1 1 n 3
[a3 {3 (a® - b?) AppellF1[—, - — - LI “Tan[e+fx]2,
27 2 2 2 a? b2
3 1 n b2 Tan[e + f x]?
(szAppellFl[—, -=- —p, 2, =, -Tan[e + fx]2, #] +
27 2 2 2 a? _ p2
3 1 n 5 b?Tan[e + fx]2
(a®-b?) (1+np) AppellF1|—, f—fp, 1, =, -Tan[e + fx]2, #]
2" 2 2 2 22 b2
Tan[e + fx]? (—az+b2 (1+Tan[e+fx]2))]+

bZTan[eﬂcx]Z]

(Gb3 (a*>-b%) (1+np) AppellFl[l, 1 E, 1, i, ~-Tan[e +fx]2,
2 2 2 2 a? - b?

Sec[e+fx]?Tan[e+fx]? (1+Tan[e+fx}2>1+2(1+np)J/

1 1 n 3 b2 Tan[e + f x]?
{a3 3 (a® - b?) AppellF1]—, ————p, 1, =, -Tan[e + fx]2, b Tanfe+*x]” ] +
27 2 2 a? _ b2
3 1 n b?Tan[e +fx]2
(szAppellFl[—, -=- —p, 2, =, -Tan[e+fx]2, #] .
27 2 2 2 a? _ b2

2 2

(a-b7) (1onp) appeltr1[>, 1" 1 2 qanpes gy, TENIE T
22 2 2 2 b2

Tan[e+fx]?| (-a®+b? (1+Tan[e+Fx]2)>]

biTanle+ £x7,

1
2 (22 _p2
(3b (a -b ) AppellFl[z, - o

Secle + fx]? (1+Tan[e+Fx}2)%J/

1 n 3 b2 Tan[e + f x]2
{az 3 (a® - b?) AppellFi| -, ——p, 1, =, -Tan[e+fx]2, #} .
27 2 2 a? _ b2
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5 b2 Tan[e + f x]?
» 2, —, -Tan[e+fx]?, M}Jr(aszﬂnp
a27b2
b2 Tan[e + f x]?

a2 -b?

(2 b% AppellF1| =,

N

np
2
n

N\UJ N|UJ

AppellF1] =, 1—*p 1 2 ~Tan[e + f x]? ]]Tan[e+1‘x}2
2 J 2) B

(-a%+b? (1+Tan[e+fx]2))] - [3b2 (a*-b?) Tan[e + f x]

2 3 b2 Tan[e + f x]?
2b? AppellFl| =, -
2

~ |3
-
N
-

1 )
3 (a?-b?) 2 a? - b?
1 3 n 5 , b?Tan[e+fx]2
Tan[e + f x] +fnpAppe11F1[—, 1-—,1, —, -Tan[e+fx]*, —}
3 2 2

a2_b2

1 np 3 , b?Tan[e+fx]?
=, -1, =, -Tan[e+fx]?, —————— | +
27 2 a? - b?

n 5 b2 Tan[e + f x]?2

P 2,2, ~-Tan[e +fx]?, > Tanje+Tx]” |+

a? - b?

np

Sec[e+fx]*Tan[e+fx]| (1+Tan[e+fx]?) 2

N

{az {3 (a*- b?) AppellFi[—,

2 i __r
2b? AppellFl| =,
2 2

N

y 3 n 5 , b?Tan[e+fx]2
(a®-b?) npAppellF1[ =, 1-—,1, =, -Tan[e+fx]?, —————— |
2 2 2 a2 -b?

(-a®+b* (1+Tan[e+fx]?))

Tan[e + f x]?2

1 n 3 b2 Tan[e + f x] 2
(3 b? (az—bz) npAppellFl[f, —i, 1, =, -Tan[e + fx]2, biTanferTx]”
2 2 2 a? - b?

J

Sec[e+fx]?Tan[e+fx]? (1+Tan[e+fx}2)1*nz_p]/

-

3 b2 Tan[e + fx]?2
-—p, 1, =, -Tan[e+fx]?2, b Tanfe+ T x]7
2

2 a? - b?

, b?Tan[e+fx]2
»2, =, -Tan[e+fx]?, ——————| +

2 a2_b2
3 n > b2 Tan[e + f x]2
(a®-b?) npAppellF1|[ =, 1- —, 1, =, -Tan[e+fx]?, #})
2 2 2 a? b2

|+

3 (a®-b?) AppellF1| -,

1
2’
3 n
[2 b% AppellF1[~, - np
2 2

(-a®+b* (1+Tan[e+fx]?)) +iSec[e+-Fx]2

Tan[e + f x]? ;
a

. 1 np 3 2 2 ~1+ 10
(nyper'geometrchFl[f, 1-—, =, -Tan[e+fx]?] + (1+Tan[e+fx]%) " ) -—2
2 2 2

bSec[e +fx]?
[ Hypergeometric2F1| -,

1. 3 b2Tan[e + fx]2
6b> (a®-b?) AppellF1[—, - —-—, 1, =, -Tan[e+fx]?, #]
2 2 2 2 a? - b?
2) 3

np 5 , b?Tan[e+fx]?

2 2 2 a? - b?

| 179

, -Tan[e+fx]?, ————————] Sec[e + fx]?

»2, =, -Tan[e+fx]?, ———————] + (a>-b%) (1+n
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3 1 np 5 , b?Tan[e+fx]2 5
p) AppellF1|[ =, = - —, 1, ~, -Tan[e+fx]?, ——— || Sec[e + fx]
272 2 2 a? - b?
3 1 n 5
Tan[e+fx] +3 (a?-b?) | —————2b? AppellF1[ =, - — - —p, 2, =, -Tan[e+fx]2,
3 (a2 - b?) 2 2 2 2
b2 Tan[e + f x]? 5 2 1 np 3 1
———————] sec[e+fx]?Tan[e+fx] - — ————)AppellFl{—,——
a? - b? 3 2 2 2 2
np 5 , b?Tan[e+fx]? 5
—,1, =, -Tan[e+fx]?, ————————| Sec[e+fx]?Tan[e+fx] |+
2 2 a’-b?
5 1 n 7
Tan[e+fx]2|2b? | —————12b% AppellFl[~, - = - i, 3, —, -Tan[e + fx]2,
5 (a% - b?) 20 2 2 2
b2 Tan[e + f x]? 5 6 1 np 5
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Summary of Integration Test Results

241 integration problems

A - 99 optimal antiderivatives

B - 42 more than twice size of optimal antiderivatives
C - 71 unnecessarily complex antiderivatives

D - 22 unable tointegrate problems

E - 7 integration timeouts



